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ABSTRACT. Given a generic stable strongly parabolic SL(2,C)-Higgs bundle (E , ϕ), we
describe the family of harmonic metrics ht for the ray of Higgs bundles (E , tϕ) for t 0 by
perturbing from an explicitly constructed family of approximate solutions happt . We then
describe the natural hyperKa¨hler metric on M by comparing it to a simpler “semi-flat”
hyperKa¨hler metric. We prove that gL2 − gsf = O(e−γt) along a generic ray, proving a
version of Gaiotto-Moore-Neitzke’s conjecture.
Our results extend to weakly parabolic SL(2,C)-Higgs bundles as well.
In the case of the four-puncture sphere, we describe the moduli space and metric more
explicitly. In this case, we prove that the hyperka¨hler metric in this case is ALG and show
that the rate of exponential decay is the conjectured optimal one, γ = 4L, where L is
the length of the shortest geodesic on the base curve measured in the singular flat met-
ric |det ϕ|.
1. INTRODUCTION
Various conjectures and results over the past decade have illuminated the large-scale
asymptotic structure of the SU(N) Hitchin moduli space associated to a Riemann sur-
face C, and in particular, its natural hyperKa¨hler metric gL2 . A conjectural picture due
to Gaiotto, Moore and Neitzke [GMN09] has provided stimulus for much of this work,
and some part of that has now been established rigorously through the sharp asymptotic
results obtained by one of us [Fre18a], cf. also [DN18], following closely related work by
the other three authors together with Witt [MSWW16, MSWW19]. The goal of the present
paper is to extend these results to the parabolic setting, and to closely analyze the simplest
special case: the moduli space of rank 2 bundles over the four-punctured sphere, some-
times called the ‘toy model’, which we show is a four-dimensional ALG gravitational
instanton.
Using the formalism of spectral networks, Gaiotto, Moore and Neitzke [GMN09] intro-
duced a new hyperKa¨hler metric gGMN which they conjectured is the same as the Hitchin
metric gL2 . There is a simpler ‘semiflat’ metric gsf on the part of the Hitchin moduli space
above the complement of the discriminant locus in the Hitchin base, and they predicted
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that gGMN − gsf decays exponentially (with respect to the distance from a fixed compact
set and in conical sectors away from the preimage of the discriminant locus). Their con-
jecture includes a far more detailed description of the asymptotic development of this dif-
ference of metrics as a series of terms with increasing exponential rates given by geodesic
lengths of an underlying family of flat conic metrics on the curve C and with coefficients
given in terms of associated BPS states, which are Donaldson-Thomas invariants in this
setting. (See FIGURE 1.1. )
While the full scope of this conjectural picture remains out of reach, there has been
substantial progress. As a first step, the paper [MSWW16] uses gluing methods to con-
struct ‘large’ elements of the SU(2) Hitchin moduli space away from the discriminant
locus; this was extended to the SU(N) case in [Fre18b]. Unlike Hitchin’s original proof of
existence of solutions, this new construction gives a precise description, up to exponen-
tially small errors, of the actual fields (∂E, ϕ, h) which solve the Hitchin equations, and
hence a parametrization of the ends of the Hitchin moduli space. This was then used
in [MSWW19] to show that the difference gL2 − gsf has an asymptotic development in a
series of polynomially decaying terms. As a parametrization of the moduli space and its
tangent bundle, these polynomial terms seem to be actually present, but a miraculous
cancellation, first observed by Dumas and Neitzke [DN18] in a special case and later
proved by one of us in full generality [Fre18a], shows that this difference does in fact
decay exponentially.
All of this was carried out for connections and Higgs fields without singularities. How-
ever, in the applications to mathematical physics it is necessary to consider fields admit-
ting simple (or higher order) poles. Our primary goal in the present work is to extend
the results of [MSWW16, MSWW19, Fre18a] to the setting of parabolic Higgs bundles,
i.e., for fields with simple poles. The analysis proceeds in broad outline much as in the
smooth case, but several new technical challenges must be faced. By working in this
slightly broader setting, we include a particular special case where the Hitchin moduli
space is only four-dimensional, and where the discriminant locus lies in a compact set of
the Hitchin base. This is the case where C is the Riemann sphere CP1 with four punc-
tures. It is possible here to write out elements of the Hitchin base explicitly, for example.
The Hitchin moduli space in this case has been an interesting relatively explicit case (and
sometimes called the ‘toy model’), examined in [Hau01, Kon93, Nak96, Bla15]. It was
conjectured in these papers, and independently also by Sergey Cherkis, that the moduli
space here is an ALG gravitational instanton. We became aware of this conjecture in a lec-
ture of Nigel Hitchin at the Newton Institute in August 2015. We prove this here, and also
discuss how the family of ALG metrics obtained through this construction by varying the
parabolic data fit into the recent classification of ALG metrics by Chen-Chen [CC16]. In
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particular, using an alternate description available in this four-dimensional case, we show
that for strongly parabolic data, the exponential rate gL2 − gsf equals the rate predicted in
[GMN09].
§2 reviews general background material about parabolic Higgs bundles. We introduce
the two main building blocks, namely limiting configurations and fiducial solutions, in
§3. For each of these, we review the construction near simple zeros and then describe the
generalization to strongly and weakly parabolic data successively. This leads immedi-
ately to the family of approximate solutions. Analysis of the linearized Hitchin equations
is carried out first locally in §4, then globally in §5. The key new feature here, over what
was done in [MSWW16], is the incorporation of ‘curvature bubbling’ at the parabolic
points. (In addition, in distinction to [MSWW16], the analysis here is all done at the level
of Hermitian metrics.) The deformation to exact solutions is in §6 and the proof of expo-
nential decay of gL2 − gsf is in §7. Finally, §8 contains the detailed and explicit analysis in
the case of the sphere punctured at four points. The precise statements of results will be
given inter alia.
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FIGURE 1.1. The simple zeros and simple poles of det ϕ are marked respec-
tively by “×” and “•”. The shortest length geodesic determines the constant
of exponential decay of gGMN − gsf.
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2. BACKGROUND
Fix a compact Riemann surface C of genus ≥ 2, with metric gC, complex structure I,
and Ka¨hler form ωC. Let KC be the canonical line bundle. Fix also a complex vector
bundle E → C of rank N and degree d. Its determinant line bundle is denoted Det E.
Let SL(E) be the bundle of automorphisms of E inducing the identity map on Det E and
sl(E) = End0 E the bundle of tracefree endomorphisms. Then GC = Γ(SL(E)) is the
group of complex gauge transformations with Lie algebra Γ(sl(E)).
We also choose on the complex line bundle Det E a holomorphic structure ∂DetE and
denote by hDetE the associated Hermitian-Einstein metric, i.e.,
FD = −
√−1 deg E 2piωC
volgC(C)
IdDet E,
where D = D(∂DetE, hDetE) is the Chern connection on this holomorphic Hermitian line
bundle.
We now recall two different representations of the moduli spaceM of SL(N,C)-Higgs
bundles associated to this fixed data. The central objects are stable Higgs pairs.
A Higgs pair (or more simply, a Higgs bundle) (∂E, ϕ) consists of a holomorphic struc-
ture on E and a section ϕ ∈ Ω1,0(C, End0 E) satisfying ∂Eϕ = 0, where ∂E induces ∂DetE;
this pair is called stable if any proper holomorphic subbundle E′ ⊂ E which satisfies
ϕ(E′) ⊂ E′ ⊗ KC satisfies µ(E′) < µ(E), where the slope µ(F) of any holomorphic bundle
F is defined to equal the quotient deg F/rk F. A pair is called polystable if it is a direct
sum of stable pairs of lower rank and equal slope. The complex gauge group acts on such
pairs by
g · (∂E, ϕ) = (g−1 ◦ ∂E ◦ g, g−1ϕg) for any g ∈ GC. (2.1)
The Dolbeault representation of the Higgs bundle moduli space consists of the space of
(polystable) pairs modulo the complex gauge action.
We shall be concerned, however, with the alternate representation of this moduli space
as consisting of triples (∂E, ϕ, h) which solve Hitchin’s equations up to unitary gauge
equivalence. Here (∂E, ϕ) is as before, and h is a Hermitian metric on E which induces
hDetE. We write D(∂E, h) for the Chern connection associated to ∂E and h and ϕ∗h ∈
Ω0,1(C, End0 E) for the h-Hermitian adjoint. In addition, denote by F⊥D the trace-free part
of the curvature of D,
F⊥D(∂E,h) = FD(∂E,h) +
√−1µ(E) 2piωC
volgC(C)
IdE.
The triple (∂E, ϕ, h) satisfies Hitchin’s equations for G = SU(N) if
F⊥D(∂E,h) + [ϕ, ϕ
∗h ] = 0, and ∂Eϕ = 0.
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The first of these two equations may be regarded in two ways: either as an equation for ∂E
(and hence the full connection D) and ϕ if the metric h is fixed, or else as an equation for
the metric h once the Higgs pair (∂E, ϕ) is fixed. In the latter case, h is called the harmonic
metric associated to (∂E, ϕ); we shall write out the equation for h more explicitly below.
One of the first main results in the theory, due in this formulation to Simpson, is that a
Higgs bundle (∂E, ϕ) admits a harmonic metric if and only if (∂E, ϕ) is polystable.
It will also be convenient to refer to the first formulation. For this we fix a Hermitian
metric h0 on E and consider pairs (A,Φ) where A is an h0-unitary connection and Φ ∈
Ω1,0(C, End0 E). The Hitchin equations are now that ∂AΦ = 0 and F⊥A + [Φ,Φ
∗h0 ] = 0.
The Hitchin moduli spaceM for G = SU(N) consists of the space of pairs which solve
these equations modulo h0-unitary gauge equivalence. We will write G = Γ(SU(E)) for
the unitary gauge group with Lie algebra Γ(su(E)).
It is not difficult to pass back and forth between these two formulations. Indeed, given
a triple (∂E, ϕ, h) where h is the harmonic metric for this Higgs bundle, there is an SL(E)-
valued h0-Hermitian section H such that h(v, w) = h0(Hv, w). Take the complex gauge
transformation g = H−1/2. Observe that in general, (g · h)(v, w) = h0((g∗h0 Hg)v, w); con-
sequently, for our choice of gauge transformation g = H−1/2, indeed (g · h) = h0. Then,
for the complex gauge action in (2.1), g · (∂E, ϕ, h) = (H1/2 ◦ ∂E ◦ H−1/2, H1/2ϕH−1/2, h0).
Consequently, the associated pair (A,Φ) is defined by ∂A = H1/2 ◦ ∂E ◦ H−1/2 and Φ =
H1/2ϕH−1/2.
2.1. Parabolic Higgs bundles. We next recall the salient facts about parabolic Higgs bun-
dles, and in particular the moduli spaces of (weakly or strongly) parabolic Higgs bundles,
following [BY96]. For simplicity, we restrict this discussion to the setting of rank 2 bun-
dles.
A parabolic Higgs bundle consists of a Higgs bundle where the fields have simple poles
at a given divisor D = p1 + . . . + pn, and where extra algebraic data is specified at each
pj. This extra data consists of a weighted flag, which amounts to specifying a boundary
condition for the harmonic metric at that puncture, and in the weakly parabolic case a
prescription of the eigenvalues of the residues.
We now explain this in more detail. Fix a divisor D and at each p ∈ D, fix also a
weight vector~α(p) = (α1(p), α2(p)) ∈ [0, 1)2 with α1(p) + α2(p) = 1 and in the weakly
parabolic case σ(p) ∈ C. In the weakly parabolic case, we split D = Ds unionsq Dw where the
strongly parabolic divisor is Ds = {p ∈ D : σ(p) = 0} and the weakly parabolic divisor is
Dw = {p ∈ D : σ(p) 6= 0}. Thus a strongly parabolic Higgs bundle is a weakly parabolic
Higgs bundle with Dw = ∅.
A parabolic SL(2,C)-Higgs bundle over (C, D) is then a rank 2 complex vector bundle
over C and a triple (∂E, {F (p)}p∈D, ϕ), where ∂E is a holomorphic structure on E inducing
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a fixed holomorphic structure on Det E, ϕ is a holomorphic map E → E ⊗ K(D) (i.e., ϕ
has simple poles at each p) which is traceless and for each p ∈ D, F (p) = F•(p) is a
complete flag in the fiber Ep:
Ep = F1(p) ⊃ F2(p) ⊃ 0
0 ≤ α1(p) < α2(p) < 1.
This triple is called strongly parabolic if ϕ(p) : Fi(p) → Fi+1(p) ⊗ K(D)p and weakly
parabolic if ϕ(p) : Fi(p)→ Fi(p)⊗ K(D)p for each p and i. Thus in the strongly parabolic
case, the residue of the Higgs field is nilpotent with respect to the flag, while in the weakly
parabolic case, this residue preserves the flag. In the latter case we additionally require
the residue to have eigenvalues σ(p) and −σ(p). In either setting we will say that it
is compatible with the flag. For simplicity of notation, we write E for the holomorphic
bundle (E, ∂E) together with the flag {F (p)}p∈D; thus a parabolic Higgs bundle is again
simply a pair (E , ϕ).
Stability in this setting depends on the weight vector~α(p). Define the parabolic degree
of the parabolic bundle E = (E, ∂E, {F (p)}p∈D) by
pdeg~α E = deg E + ∑
p∈D
(α1(p) + α2(p)).
Note also that the parabolic structure on E induces parabolic structures on its holomor-
phic subbundles. We say that E is~α-stable if
pdeg~α E
rank E > pdeg~αL
for every holomorphic line subbundle L preserved by ϕ.
We are now in a position to define the moduli spaceMHiggs as the set of isomorphism
classes of ~α-stable parabolic SL(2,C)-Higgs bundles (whose residues have eigenvalues
±σ(p) at p ∈ D in the weakly parabolic case), where isomorphism in this category means
holomorphic bundle isomorphism commuting with the Higgs fields and preserving the
flag structure. Notice that the weight data but not the flags are fixed. This only defines
MHiggs as a set; a quotient in the algebraic category has been constructed by [Yok93].
There is a differential-geometric definition of MHiggs which clarifies the role of the
weights ~α. For this we fix the smooth complex bundle E, divisor D, and flag F (p) on
each fiber Ep, p ∈ D. Thus here we fix the flag, but not yet the weights. Let ParEnd(E)
be the bundle of endomorphisms of E which preserve the flag F (p) for each p ∈ D and
GC = Γ(SL(E) ∩ ParEnd(E)) the complex gauge group.
LettingA0 denote the affine space of all holomorphic structures on E inducing the fixed
holomorphic structure ∂¯DetE on the determinant line bundle, define the space
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H =
{
(∂E, ϕ) ∈ A0 ×Ω1,0(C, End0 E)
∣∣ ϕmeromorphic with respect to ∂¯E with
simple pole at each p ∈ D such that Resp(ϕ) is compatible with the flag
}
.
At this point, fix the weight vector~α(p) at each p, and assume that the weights are generic
in the sense that any ~α-semistable bundle is in fact ~α-stable. Now let H~α ⊂ H be the
subspace of pairs (∂E, ϕ) which are ~α-stable and define MHiggs = H~α/GC, where GC is
the complex gauge group as above. We recall that
dimCMHiggs = 6(g− 1) + 2n,
where g = genus(C) and n is the number of parabolic points [BY96].
2.2. Non-abelian Hodge correspondence. The usual non-abelian Hodge correspondence
extends to this parabolic case, and to a stable parabolic Higgs bundles we can associate a
harmonic metric adapted to the parabolic structure. To describe what it means for these
metrics to be adapted, let us restrict attention for simplicity to the case of rank 2 where
the flags are full.
As described carefully in [Moc06, §3.5], both a parabolic structure and a Hermitian
structure determine a filtration of the sections of E ⊗OC(∗D) near any p, where OC(∗D)
is the sheaf of algebras of rational functions with poles at D. The filtration associated
to the Hermitian metric is by the order of growth of sections: |s(x)|h ∼ dist(x, p)α. The
Hermitian metric h is said to be adapted to the parabolic structure if these two filtrations
coincide.
Let us write this down in a model situation, cf. [BGP97, §2]. Consider a parabolic vector
bundle (E , {F (p)}p∈D, {~α}p∈D) of rank 2 with a complete flag and parabolic weights
~α(p) = (α1(p), α2(p)) at every p ∈ D. Choose a local holomorphic coordinate z and a
holomorphic splitting of E compatible with the filtration near p, i.e. a holomorphic basis
of sections e1, e2 with ei(p) ∈ Fi(p). Then the metric
h~α =
(
|z|2α1(p) 0
0 |z|2α2(p)
)
is adapted to the parabolic structure. A unitary frame is provided by e˜1 = |z|−α1(p)e1,
e˜2 = |z|−α2(p)e2 with respect to which the Chern connection of h~α is given by
d +
(
iα1 0
0 iα2
)
dθ
for z = reiθ. In the SL(2,C)-case, where α1(p) + α2(p) = 1, we see that the local mon-
odromy around p lies in SU(2).
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For a stable parabolic SL(2,C)-Higgs bundle (E , ϕ) we can uniquely solve Hitchin’s
equation
F⊥D(∂E,h) + [ϕ, ϕ
∗h ] = 0
in the class of Hermitian metrics h adapted to the parabolic structure [Sim90]. Here,
F⊥D(∂E,h) = FD(∂E,h) +
√−1µ(E) 2piωC
volgC(C)
IdE, (2.2)
where µ(E) is the parabolic slope of E. This gives rise to (part of) the nonabelian Hodge
correspondence, namely the diffeomorphism
NAHC :MHiggs →M
obtained by mapping (E , ϕ) to the triple (E , ϕ, h).
Let us finally discuss the other part of the non-abelian Hodge correspondence. If we
assume for simplicity that pdeg~α E = 0, then for a solution h of Hitchin’s equation the
SL(2,C)-connection D(∂E, h) + ϕ+ ϕ∗h is a flat and hence gives rise to representation ρ :
pi1(C \ D) → SL(2,C). The local monodromies around points in D are determined up to
conjugacy by the parabolic weights and the eigenvalues of the residues of the Higgs field.
They lie in SL(2,C) rather than GL(2,C) precisely because α1(p) + α2(p) is an integer.
Remark 2.1. Note that the complexities involved in considering deg E 6= 0 are similar to
the complexities from including parabolic weights.
The simplest case is the case of ordinary Higgs bundles where the fixed data Det E =
(Det E, ∂DetE) is the trivial holomorphic bundle with trivialization s. The Hermitian-
Einstein metric hDetE(s, s) is constant, and we can renormalize s so that hDetE(s, s) = 1.
Then locally, we can represent h by a matrix of determinant 1 in a basis of sections
e1, · · · , en such that e1 ∧ · · · ∧ en = s.
In the case of ordinary Higgs bundles where the fixed data Det E is not the trivial holo-
morphic bundle, there exists a local holomorphic section s of Det E ; hDetE(s, s) need not
be constant. We can then represent h by a matrix which has determinant hDetE(s, s) in a
basis of sections e1, · · · , en for which e1 ∧ · · · ∧ en = s, i.e.
h = (hDetE(s, s))1/nh,
where h is represented by a matrix of determinant 1. We emphasize that this prefactor
(hDetE(s, s))1/n is completely determined by Det E and the choice of section s and is not
a source of any additional freedom in the problem. Note that in the basis e1, · · · , en, ϕ
and [ϕ, ϕ∗h ] are still represented by traceless matrices, but FD(∂E,h) is not represented by a
traceless matrix.
Finally, in the setting of parabolic Higgs bundles, the additional complexity is that the
metric h is adapted to the parabolic structure. This means that hDetE(s, s)) (hence Deth)
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has a singularity of the form |z|2∑i αi(p) in a local holomorphic coordinate z centered at
p ∈ D.
2.3. Hyperka¨hler metric. In this section we review the construction of a hyperKa¨hler
metric on the moduli space of stable parabolic SL(2,C)-Higgs bundles. In the strongly
parabolic case this was carried out by [Kon93] and later generalized to the weakly para-
bolic case by [Nak96].
Fix h0 adapted to the parabolic structure (which for now we may assume to coincide
with the model metric h~α near p ∈ D) and a parabolic Higgs bundle (∂¯E, ϕ). Let A0 =
D(∂¯E, h0) be the Chern connection andΦ0 = ϕ. The pair (A0,Φ0)will serve as a basepoint
in the following construction. We consider pairs (A,Φ) on C \ D such that ∂¯A − ∂¯A0
and Φ−Φ0 lie in certain function spaces encoding decay properties near the punctures.
This decay is measured using weighted Sobolev spaces in [Kon93] and [Nak96], and in
weighted b-Ho¨lder spaces here.
In either approach, we impose that in the unitary frame e˜1 = |z|−α1(p)e1, e˜2 = |z|−α2(p)e2,
∂¯A − ∂¯A0 =
(
α β
γ −α
)
dz¯ and Φ−Φ0 =
(
a b
c −a
)
dz,
where α, a = O(1) and β,γ, b, c = O(rε) for some ε > 0 (the decay being measured in
an L2 sense in the first approach and an L∞ sense in the second approach). This infinite
dimensional affine space of fields is acted on by the unitary gauge group G = {g ∈
GC | g h0-unitary}. The moment maps for this action are
µI(A,Φ) = F⊥A + [Φ,Φ
∗]
(µJ + µK)(A,Φ) = ∂¯AΦ,
corresponding to complex structures
I(A˙0,1, Φ˙) = (iA˙0,1, iΦ˙), J(A˙0,1, Φ˙) = (iΦ˙∗,−i(A˙0,1)∗), K(A˙0,1, Φ˙) = (−Φ˙∗, (A˙0,1)∗),
where ∗ = ∗h0 . The natural L2-metric on the configuration space is hyperKa¨hler and
descends to a hyperKa¨hler metric on the moduli space of solutions to Hitchin’s equation
M = µ−1I (0) ∩ µ−1J (0) ∩ µ−1K (0)/G
via the process of hyperKa¨hler reduction. By the non-abelian Hodge correspondence
NAHC :MHiggs →M the hyperKa¨hler metric can be thought to live onMHiggs.
2.4. Spectral data. We next review briefly the spectral data associated to a parabolic
Higgs bundles, cf. [LM10, §2.3] for a more thorough treatment.
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The Hitchin fibration is given by the usual map
Hit : (∂E,F (p), ϕ) 7→ charϕ(λ)
where charϕ(λ) is the characteristic polynomial of ϕ; this does not depend on the para-
bolic structure. The holomorphicity of ϕ : E → E ⊗ KC(D) identifies the Hitchin base B
with the vector space of coefficients of charϕ(λ); since tr ϕ = 0, in this rank 2 case the only
remaining coefficient is the determinant q = det ϕ. For p ∈ Ds, ϕ has a nilpotent residue
at p, hence this is a quadratic differential with at most simple poles at D. For p ∈ Dw, q is
a quadratic differential with at most a double pole like −σ2 dz2z2 near p.
Each point in B can be regarded as a spectral curve Σ in the total space of the bundle
KC(D) → C. The map pi : Σ → C is a 2 : 1 ramified cover, and each sheet represents a
different eigenvalue of the Higgs field. The genus of Σ is
g(Σ) = 4(g− 1) + n + 1,
see [LM10, Eq. 6].
Let B′ be the subset of points in B for which the spectral covers are smooth andM′ =
Hit−1(B′) the regular locus. To any (E , ϕ) ∈ M′ we can associate the spectral data L → Σ,
where L is a line bundle on the spectral cover Σ ⊂ Tot(KC(D)). Away from ramification
points, the fiber of L → Σ is the corresponding eigenspace of φ in pi∗E → Σ. The degree
of L is [LM10, p. 10]
degL = deg E + 2(g− 1) + n. (2.3)
We can reverse this process and recover the parabolic Higgs bundle (E , ϕ) from the
spectral data (Σ,L). Indeed, as a holomorphic bundle, E = pi∗L, while the Higgs field is
recovered by pushing down multiplication by the tautological section λ of pi∗KC(D)→ Σ.
We also need to construct the flags at each of the marked points. In general, there is some
finite ambiguity at this step, see Logares-Martens [LM10, Proposition 2.2], but in this rank
2 case, the flags are full and there is no ambiguity.
3. ASYMPTOTIC PROFILES AND APPROXIMATE SOLUTIONS
Fix a stable parabolic SL(2,C)-Higgs bundle (E , ϕ) inM′, so that det ϕ = q has only
simple zeros. Our eventual goal is to construct the harmonic metrics ht associated to the
one-parameter family of Higgs bundles (E , tϕ) when t  1. Equivalently, we fix (E , ϕ)
and view ht as the unique solution of the t-rescaled Hitchin equations
F⊥D(∂E,ht) + t
2[ϕ, ϕ∗ht ] = 0. (3.1)
In this section we introduce the two main ingredients used to construct this family: the
limiting configurations and the model solutions on C, also known as the fiducial solu-
tions. The metrics ht are constructed by desingularizing limiting configurations using
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fiducial solutions. This may also be understood in reverse, by considering the possible
limiting behavior of ht as t→ ∞. The ansatz made in [MSWW16] is that the fields At and
tΦt asymptotically decouple, and in the limit, on compact sets away from the zeros and
poles of q, converge to solutions of the decoupled equations
F⊥DA∞ = 0, and
[
Φh∞ ,Φ
∗h0
h∞
]
= 0. (3.2)
This was later vindicated by Mochizuki [Moc15]:
Theorem 3.1. [Moc15, Theorem 2.7] For any compact set K ⊂ C \ (Z∪D), there exist positive
constants c0 and ε such that the family of solutions of Hitchin’s equations (E , tϕ, ht) satisfy
|[ϕ, ϕ∗ht ]|ht,gC ≤ c0 exp(−εt)
in K.
His analysis is local, and thus applies also to the parabolic setting.
The fiducial solutions, by contrast, are the limits of rescalings of the fields near the zeros
and poles; in other words, they are the ‘bubbles’ in this theory.
3.1. Limiting configurations. We now describe the limiting configurations more care-
fully, emphasizing the Hermitian metrics rather than the fields (A,Φ). In particular, we
describe normal forms for these limiting configurations near the zeros and poles of ϕ.
Let (E , ϕ) ∈ M′ be a parabolic SL(2,C)-Higgs bundle. We now construct a singular
Hermitian metric h∞ on E as the pushforward of a singular metric on the associated spec-
tral data L → Σ, and which solves the decoupled Hitchin equations. This metric can be
chosen to induce a fixed Hermitian metric on Det E.
First denote by Z ⊂ C the set of zeros of det ϕ ∈ H0(C, K2C). Let R = Z unionsqDs ⊂ C be the
set of zeros of det ϕ ∈ H0(C, KC(D)⊗2). (Recall that the zeros and simple poles of det ϕ,
regarded as a section of H0(C, K2C), are zeros of det ϕ regarded as a section of KC(D)
⊗2.)
Let L → Σ be the spectral data associated to det ϕ. The projection pi : Σ → C is ramified
at R but not at Dw. At points p˜ ∈ D˜w = pi−1(D)s coming from simple poles of q, define
α˜ p˜ = α1(pi( p˜)) + α2(pi( p˜))− 12 ; at points p˜ ∈ Z˜, define α˜ p˜ = −12 . Over each point Ds there
are exactly two points p˜ ∈ D˜s. At one of these the naturally associated weight is α1(pi( p˜))
and at the other the weight is α2(pi( p˜)). Define α˜ p˜ to be this naturally associated value.
Now equip Lwith a parabolic structure by setting the parabolic weights at p˜ ∈ R˜unionsq D˜w
to be equal α p˜.
Remark 3.2. The number of ramification points is |R| = deg KC(D)⊗2 = 4(g− 1) + 2|D|.
From (2.3) we see that
degL = deg E + 2(g− 1) + |D| = deg E + 1
2
|R|.
12 LAURA FREDRICKSON, RAFE MAZZEO, JAN SWOBODA, AND HARTMUT WEISS
The sum of the parabolic weights on L is
∑
p˜∈R˜∪D˜w
α p˜ = −12 |R|+ ∑p∈D
α1(p) + α2(p).
Consequently, pdeg~˜αL = pdeg~αE .
By [Biq97, Sim90], there exists a Hermitian-Einstein metric hL on the parabolic line
bundle L adapted to the parabolic structure. This metric is unique up to a constant factor
and solves F⊥
(∂L,hL)
= 0.
Finally, define h∞ on E|C\R as the (orthogonal) pushforward of hL. In other words,
we let h∞ be the metric on E such that the eigenspaces of ϕ are orthogonal, and which
equals the metric induced by hL on each eigenspace. The metric h∞ solves F⊥(∂E,h∞) = 0 ,
where the constant appearing in the trace-free part is defined in (2.2), precisely because
pdeg~˜αL = pdeg~αE . Note that h∞ is adapted to the parabolic structure at points in Dw but
not at points in Ds.
Corollary 3.3. There exists a Hermitian metric h∞ which solves the decoupled Hitchin’s equations
(3.2) and induces the fixed Hermitian structure on Det E .
Proof. The metric h∞ constructed above induces a Hermitian-Einstein metric on Det E .
Since Hermitian-Einstein metrics are unique up to scale, we can rescale hL so that this
metric on Det E agrees with the given one. 
3.2. Normal forms. We now exhibit the normal form for (∂E, ϕ, h∞) around simple zeros,
and simple and double poles of det ϕ. Here and in several places below, we treat these
three different settings in sequence; in most of these cases, for simple zeros we simply
record the appropriate results from elsewhere, making the necessary modifications to the
Det E 6' O setting, as described in Remark 2.1.
Proposition 3.4. [MSWW16, Lemma 4.2] Fix (E , ϕ) ∈ M′ and suppose that det ϕ has a simple
zero at p. Then there is a holomorphic coordinate z centered at p such that −det ϕ = zdz2. In
addition, in some holomorphic gauge,
∂E = ∂, ϕ =
(
0 1
z 0
)
dz, h∞ = Qh∞ where h∞ =
(
|z|1/2 0
0 |z|−1/2
)
.
Here, Q is a locally-defined function completely determined by hDetE and the choice of holomorphic
section of Det E .
Turning now to the parabolic setting, first note that if (E , ϕ) is a parabolic Higgs bundle
with weights 0 ≤ α1(p) < α2(p) < 1, then Det E inherits a parabolic structure with weight
α1(p) + α2(p). Hence in the same local holomorphic coordinate z as above, and using the
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holomorphic frame s1 ∧ s2, the metric |z|2(α1(p)+α2(p)) is adapted to the induced parabolic
structure on Det E .
Proposition 3.5. Fix p ∈ Ds. Then for any (E , ϕ) ∈ M′, det ϕ has a simple pole at p, and there
is a holomorphic coordinate z centered at p such that−det ϕ = z−1dz2, and in some holomorphic
gauge,
∂E = ∂, ϕ =
(
0 1
1
z 0
)
dz, h∞ = Qh∞ where h∞ = |z|α1(p)+α2(p)
(
|z|−1/2 0
0 |z|1/2
)
.
Here, Q is a locally-defined function completely determined by hDetE , the choice of holomorphic
section of Det E , the unique coordinate z, and the parabolic weights.
Proof. The proof is a small modification of [MSWW16, Lemma 4.2]. Choose a holomorphic
coordinate z around p so that −det ϕ = z−1dz2, and fix some local holomorphic frame.
Since p is a simple pole of det ϕ, zϕ|z=0 is nilpotent, but not identically zero. Applying a
constant gauge transformation, we may assume that
zϕ =
(
a(z) b(z)
c(z) −a(z)
)
dz zϕ|z=0 =
(
0 0
1 0
)
.
Since c(0) = 1,
√
c(z) is well-defined and holomorphic near 0, so if we define
g(z) =
1√
c(z)
(
1 a(z)
0 c(z)
)
,
then
g−1ϕg =
(
0 1
1
z 0
)
dz,
as needed. The metric h∞ defined here satisfies F⊥D(∂E,h∞) = 0, normalizes the Higgs field
and induces the correct metric on Det E . 
In unitary gauge,
dA = d+
1
2
(
∂Q
Q
− ∂Q
Q
)(
1 0
0 1
)
+
α1 + α2
2
(
i 0
0 i
)
dθ − 1
4
(
i 0
0 −i
)
dθ,
Φ =
(
0 |z|−1/2
|z|1/2/z 0
)
dz.
Remark 3.6. Note that if (E , ϕ) ∈ Msing, then there need not be a frame near p ∈ Ds
where (∂E, ϕ, h∞) has local form in Proposition 3.9. In the extreme case, in any moduli
space of strongly parabolic Higgs bundles, there is a distinguished point q ≡ 0 ∈ B; for
any Higgs bundle in the nilpotent cone and any choice of p ∈ Ds, there is no holomorphic
coordinate z such that −det ϕ = z−1dz2 near p ∈ Ds. More generally, as one moves in
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B, the zeros of q wander. They can coincide with each other or with a point of Ds, but
never with Dw because of the fixed non-zero residue σ. In either of these two cases of
coincidence, q no longer has all simple zeros, viewed as a section of KC(D)⊗2.
Proposition 3.7. Fix p ∈ Dw. Then for any (E , ϕ) ∈ M, det ϕ has a double pole at p, and
there is a holomorphic coordinate z centered centered at p such that−det ϕ = σ2z−2dz2 for some
σ ∈ C× and a holomorphic gauge such that
∂E = ∂, ϕ =
σ
z
(
1 0
0 −1
)
dz, and h∞ = Qh∞ where h∞ =
(
|z|2α1(p) 0
0 |z|2α2(p)
)
.
Here Q is a locally-defined function completely determined by hDetE, the choice of holomorphic
section of Det E , the coordinate z, and the parabolic weights.
The constant σ is an invariant since the residue of σdz/z is independent under holo-
morphic change of variables.
Proof. Choose z so that −det ϕ = σ2z−2dz2, so zϕ is regular at p and −det(zϕ) = σ2dz2.
Hence there exists a local holomorphic frame such that
zϕ =
(
σ 0
0 −σ
)
dz, i.e., ϕ =
σ
z
(
1 0
0 −1
)
dz.
As before, the metric h∞ satisfies F⊥D(∂E,h∞) = 0, normalizes the Higgs field and induces
the correct metric on Det E . 
In unitary gauge,
dA = d+
1
2
(
∂Q
Q
− ∂Q
Q
)(
1 0
0 1
)
+
(
iα1 0
0 iα2
)
dθ,
Φ =
σ
z
(
1 0
0 −1
)
dz.
In this case, h∞ is already adapted to the parabolic structure, hence requires no further
desingularization.
3.3. Fiducial solutions. We next display the model solutions on the complex plane, known
as the fiducial solutions, which we shall use to ‘smooth out’ the limiting configurations.
These model solutions were used for this purpose in [MSWW16], but also arose many
years earlier in the physics literature.
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Proposition 3.8. [MSWW16] There exists a family (∂E, tϕ, ht) of smooth solution of Hitchin’s
equations on C with
∂E = ∂, ϕ =
(
0 1
z 0
)
dz, hmodelt =
(
r1/2e`t(r) 0
0 r−1/2e−`t(r)
)
,
where, here and below, r = |z|. The function `t is the solution of the Painleve´ equation(
d2
dr
+
1
r
d
dr
)
`t = 8t2r sinh(2`t)
with asymptotics
`t(r) ∼ 1
pi
K0
(
8
3
tr
3
2
)
as r → ∞, `t(r) ∼ −12 log r as r → 0.
In unitary gauge, this solution takes the form
dA = d+
1
4
(
1
2
+ r
d`t
dr
)(
1 0
0 −1
)(
dz
z
− dz
z
)
Φ =
(
0 r1/2e`t(r)
zr−1/2e−`t(r) 0
)
dz.
Note that 2idθ = dz/z− dz/z.
Near a simple pole there is a similar radial solution.
Proposition 3.9. For parabolic weights 0 ≤ α1 < α2 < 1, there exists a family (∂E, tϕ, ht) of
solutions of Hitchin’s equations which are smooth on C× = C \ {0}, with
∂E = ∂, ϕ =
(
0 1
1
z 0
)
dz, hmodelt = r
α1+α2
(
r−1/2emt(r) 0
0 r1/2e−mt(r)
)
.
Here mt solves (
d2
dr2
+
1
r
d
dr
)
mt = 8t2r−1 sinh(2mt) (3.3)
and satisfies
mt ∼ 1
pi
K0(8tr
1
2 ) as r→ ∞, mt ∼
(
1
2
+ α1 − α2
)
log r as r → 0,
so that
rα1+α2−
1
2 emt(r) ∼ r2α1 , rα1+α2+12 e−mt(r) ∼ r2α2 .
The corresponding filtration at z = 0 is
F1 = C2 ⊃ F2 =
〈(
0 1
)T〉 ⊃ 0
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with weights 0 ≤ α1 < α2 < 1.
In unitary gauge
dAt = d+
(
α1 + α2
4
(
1 0
0 1
)
+ Fpt (r)
(
1 0
0 −1
))(
dz
z
− dz
z
)
Φt =
(
0 r−1/2emt(r)
z−1r1/2e−mt(r) 0
)
dz,
(3.4)
where
Fpt (r) =
1
4
(
−1
2
+ rm′t(r)
)
. (3.5)
Proof. The existence of the family hmodelt may be understood in two ways. First, by the
change of variables ρ = 8tr1/2, we have(
d2
dρ2
+
1
ρ
d
dρ
)
mt =
1
2
sinh(2mt),
McCoy-Tracy-Wu [MTW77] prove the existence and uniqueness of solutions of this ODE
on (0,∞) with the prescribed asymptotic behavior.
Alternately, we may also follow [FN17, §1.10] where Proposition 3.8 is derived at simple
zeros. In the terminology of [Moc13], (E , tϕ) is a family of “good filtered Higgs bundle”
onCP1 with marked points 0 and∞. The singularity at 0 is regular and the one at∞ irreg-
ular. Consequently, by [BB04, Moc10], there is an associated family of adapted harmonic
metrics hmodelt . These good filtered Higgs bundle are fixed by the C
×-action that rotates
the base and simultaneously rescales the Higgs field. Hence hmodelt has the claimed shape
and radial symmetry. 
3.4. Approximate solutions. We now assemble the two pieces above to construct a fam-
ily of adapted Hermitian metrics happt which approximately solve the t-rescaled Hitchin’s
equations in (3.1). In fact, we show in Proposition 3.10 below that F⊥
D(∂E,h
app
t )
+ t2[ϕ, ϕ
∗
h
app
t ]
decays exponentially in t. The further step of perturbing happt to an exact harmonic metric
requires a closer study of the linearized operator, which is carried out in the next section.
Choose a smooth nonnegative cutoff function χ on R+ taking values in [0, 1], with
χ(r) = 1 for r ≤ 1/2 and χ(r) = 0 for r ≥ 1. Now define happt on E as follows:
• in a holomorphic coordinate and gauge near zeros of det ϕ, where ∂E and ϕ are in
normal form, set
happt := Q
(
r1/2e`t(r)χ(r) 0
0 r−1/2e−`t(r)χ(r)
)
;
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• in a holomorphic coordinate and gauge near simple poles of det ϕ where ∂E and ϕ
are in normal form, set
happt = Qr
α1+α2
(
r−1/2emt(r)χ(r) 0
0 r1/2e−mt(r)χ(r)
)
; (3.6)
• elsewhere on C, set happt = h∞.
Here Q is the same locally-defined function appearing in Proposition 3.4 and 3.5; conse-
quently happt induces the metric hDetE on Det E. Recall that the function Q is completely
determined by hDetE, the choice of holomorphic section of Det E , the coordinate z, and
parabolic weights. For the analysis, it will be important to note that Q is smooth.
Proposition 3.10. For t0  1, there exist positive constants c, µ, such that for any t > t0,∥∥∥F⊥D(∂E,happt ) + t2 [ϕ, ϕ∗happt ] ∥∥∥ ≤ ce−µt.
The norm here can be taken either in L2 or in a Ho¨lder norm with respect to happt and the fixed
Riemannian metric on C.
Proof. Clearly happt solves Hitchin’s equations exactly away from the annuli where χ
′ 6= 0.
The exponential decay rates of `t and r`′t, cf. [MSWW16, Lemma 3.3], as well as those of
mt and rm′t stated above, then imply the stated bounds. 
We now convert happt into the corresponding family of connections and Higgs fields.
Fixing any compatible metric h0, then given a triple (∂E, ϕ, h), there is an End E-valued
h0-Hermitian section H such that h(w1, w2) = h0(Hw1, w2). The complex gauge transfor-
mation g = H−1/2 satisfies g · h = h0 since in general (g · h)(w1, w1) = h(gw1, gw2). The
associated pair (dA,Φ) equals ∂A = H1/2 ◦ ∂E ◦ H−1/2, Φ = H1/2ϕH−1/2. Using these
formulæ, we record the forms of these fields in unitary gauge:
At = d+
1
2
(
∂Q
Q
− ∂Q
Q
)(
1 0
0 1
)
+
1
2
(
1
2
+ r
d(`tχ)
dr
)(
i 0
0 −i
)
dθ
Φt =
(
0 r1/2e`tχ
zr−1/2e−`tχ 0
)
dz
on disks where −detΦ = zdz2,
At = d+
1
2
(
∂Q
Q
− ∂Q
Q
)(
1 0
0 1
)
+
α1 + α2
2
(
i 0
0 i
)
dθ +
1
2
(
−1
2
+ r
d(mtχ)
dr
)(
i 0
0 −i
)
dθ,
Φt =
(
0 r−1/2emtχ
z−1r1/2e−mtχ 0
)
dz
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on disks where −detΦ = z−1dz2, and
A =
1
2
(
∂Q
Q
− ∂Q
Q
)(
1 0
0 1
)
+
(
iα1 0
0 iα2
)
dθ, Φ =
σ
z
(
1 0
0 −1
)
dz
on disks where −detΦ = σ2z−2dz2.
4. THE LINEARIZATION
Define the nonlinear operator
Ft(∂E, ϕ, h) := H1/2
(
FD(∂E,h) + t
2[ϕ, ϕ∗h ]
)
H−1/2,
where H1/2 is the End(E)-valued h0-Hermitian section satisfying h(v, w) = h0(H1/2v, H1/2w),
as discussed at the end of the introduction of §2. By doing this, the output F(∂E, ϕ, h) is an
h0-skew-Hermitian section of Ω1,1(C, End E). Or equivalently in the unitary formulation
of Hitchin’s equations, this operator Ft is equal to Ft(At, tΦt) = F⊥At + t
2[Φt,Φ
∗h0
t ].) The
output of the operator Ft measures the failure of (∂E, ϕ, h) from being a solution of the
t-rescaled Hitchin equations. We fix the underlying Higgs bundle (∂E, ϕ) and regard Ft
as an operator acting on Hermitian metrics, which we assume are perturbations of the
approximate solution happt . In unitary gauge, the Higgs bundle data becomes
Φt =
(
Happt
)1/2 ◦ ϕ ◦ (Happt )−1/2 , A0,1t = (Happt )1/2 ◦ ∂E ◦ (Happt )−1/2 ,
where Happt is the End E-valued h0-Hermitian section such that
happt (v, w) = h0((H
app
t )
1/2v, (Happt )
1/2w). (4.1)
Local expressions for these fields near the zeros and poles of det ϕ are recorded above.
Finally, write ht(w1, w2) = h
app
t (e
γt w1, eγt w2), or equivalently H1/2t = e
γt(Happt )
1/2, and
break unitary invariance by assuming that γt is h0-Hermitian. Thus we focus on the
operator
Ft(γ) := FAexp(γ)t + t
2[e−γΦteγ, eγΦ
∗h0
t e
−γ].
Note that this operator is computed relative to the background approximate solution
fields. The error term Ft(0), which is supported on a union of annuli around the zeros
and poles of det ϕ, was estimated in the last section.
Up to a simple isomorphism, the linearization of Ft at 0 equals
Ltγ := −i ? DFappt (0)[γ] = ı ?
d
de
∣∣∣
e=0
Ft(eγ) = ∆Atγ− i ? t2MΦtγ,
where
∆At := d
∗
At dAtγ, and MΦtγ := [Φ
∗
t ∧ [Φt,γ]]− [Φt ∧ [Φ∗t ,γ]] .
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The set of exceptional points in the analysis below is a union Z ∪ D, D = Ds ∪ Dw,
where Z is the set of zeros of det ϕ (all simple, by assumption), and Ds and Dw are the
sets of strongly and weakly parabolic points, respectively. Near any p ∈ D, choose a
holomorphic frame (e1, e2) compatible with the flag at p and the model metric
h~α =
(
|z|2α1 0
0 |z|2α2
)
.
In this holomorphic frame, the Chern connection A~α of hα equals
dA~α = ∂¯+ ∂
h~α = d+
(
α1 0
0 α2
)
dz
z
,
while in the unitary frame (e˜1, e˜2), where e˜i = ei/|z|αi , it equals
dA~α = d+
(
iα1 0
0 iα2
)
dθ.
We see from these expressions that near each p ∈ D, A~α has a simple pole, At differs
from A~α only by lower order terms, and the pole of Φt is simple. This means that the
operator Lt is an elliptic operator of conic type, with singularities at points of D. Of
course, the coefficients of Lt are smooth near points of Z, but this operator develops conic
singularities as t→ ∞ and we must keep track of this ‘emergent’ behavior.
We now describe the precise local expressions for Lt near each of these three types of
points. In preparation for analyzing the mapping properties of Lt, both for each fixed
t and uniformly as t → ∞, we also describe the indicial roots of Lt. By definition, a
number ν is called an indicial root of a conic operator L if there exists ψ ∈ C∞(S1) such
that L(rνψ) = O(rν−1). The exponent on the right should normally be ν − 2, so this
condition entails a leading order cancellation. In fact, the coefficient of rν−2 is a type of
eigenvalue equation for ψ. The indicial roots play a significant role in determining the
mapping properties of L and regularity properties of its solutions.
Remark 4.1. In the local analysis, we assume Q = 1. Because Q is smooth and everywhere
positive, this simplification does not change the mapping properties of the operator.
4.1. Lt near simple zeros. Recall from Proposition 3.8 that
dAt = d+ F
0
t
(
i 0
0 −i
)
dθ, Φt =
(
0 |z|1/2e`t
z|z|−1/2e−`t 0
)
dz,
where `t solves (3.8) and F0t (z) =
1
2(
1
2 + r∂r`t). Writing γ =
(
u0 u1
u¯1 −u0
)
, then we calculate
that
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Ltγ = (∆At − i ? t2MΦt)
(
u0 u1
u¯1 −u0
)
=
(
∆0u0 ∆0u1 − 4F0t i∂θu1 + 4(F0t )2u1
∆0u¯1 + 4F0t i∂θ u¯1 + 4(F
0
t )
2u¯1 −∆0u0
)
+ 8rt2
(
2 cosh(2`t)u0 cosh(2`t)u1 − e−iθ u¯1
cosh(2`t)u¯1 − eiθu1 −2 cosh(2`t)u0
)
.
Note that F0t vanishes and r cosh(2`t) is regular at r = 0; in fact Lt has only polar
coordinate singularities at r = 0. Thus its indicial roots are simply those of the scalar
Laplacian ∆0, namely Z.
The Hermitian operator −i ? MΦt is positive definite for every t > 0, with eigenvalues
λ0 = 16r cosh 2`t, λ1 = 8r(cosh 2`t − 1), λ2 = 8r(cosh 2`t + 1).
The eigenvector for λ0 has γ diagonal, i.e., u1 ≡ 0, while the other two eigenspaces are
spanned by vectors with u0 ≡ 0.
We also consider the limits of the two summands ∆At and MΦt as t → ∞. Near any
point of Z,
dA∞ = d+
1
4
(
i 0
0 −i
)
dθ, Φ∞ =
(
0 r
1
2
zr− 12 0
)
dz,
and hence
∆A∞γ =
(
∆0u0 ∆ 1
2
u1
∆ 1
2
u1 −∆0u0
)
, −i ? MΦ∞γ = 8r
(
2u0 u1 − e−iθ u¯1
u¯1 − eiθ u¯1 −2u0
)
,
where
∆1/2 := −∂2r u1 −
1
r
∂ru1 − 1r2
(
∂θ +
i
2
)2
.
The limiting operator −i ? MΦ∞ is only semi-definite, with eigenvalues
λ0 = 16r, λ1 = 0, λ2 = 16r.
Later on we shall consider the conic operator Lo∞ = ∆A∞ − i ? MΦ∞ . This has indicial
roots consisting of the integers, for the diagonal terms, and Z + 12 for the off-diagonal
terms.
4.2. Lt near strongly parabolic points. Following (3.4), the model solution at a strongly
parabolic point, in unitary gauge, is
dAt = d+
(
α1 + α2
2
(
i 0
0 i
)
+ 2Fpt (r)
(
i 0
0 −i
))
dθ
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Φt =
(
0 eσt(r)
z−1e−σt(r)
)
dz,
where mt and F
p
t are as in (3.3) and (3.5), and σt(r) = mt(r)− 12 log r. We then obtain
Ltγ =
 ∆u0 ∆u1 − 2ir2 (4Fpt )∂θu1 + (4Fpt )2r2 u1
∆u¯1 + 2ir2 (4F
p
t )∂θ u¯1 +
(4Fpt )
2
r2 u¯1 −∆u0

+
8t2
r
(
2 cosh(2mt)u0 −u¯1eiθ + cosh(2mt)u1
−u1e−iθ + cosh(2mt)u¯1 −2 cosh(2mt)u0
)
.
The matrix −i ? MΦt is Hermitian and strictly positive, with eigenvalues
λ0 =
16
r
cosh(2mt), λ1 =
8
r
(cosh(2mt)− 1), λ2 = 8r (cosh(2mt) + 1).
As before, the eigenvector corresponding to λ0 occurs when γ is diagonal.
Now, mt(r) ∼ (12 + α1 − α2) log r, σt(r) ∼ (α1 − α2) log r and Fpt (r) ∼ α1−α24 as r → 0, so
rewriting
dAt = d +
(
iα1 0
0 iα2
)
dθ + 2
(
Fpt −
α1 − α2
4
)( i 0
0 −i
)
dθ,
then the final term vanishes in the limit as r → 0, and hence the leading part of dAt is the
Chern connection dA~α . Consequently, to leading order as r → 0,
∆Atγ ∼ ∆A~αγ =(
∆u0 ∆u1 − 2ir2 (α1 − α2)∂θu1 +
(α1−α2)2
r2 u1
∆u¯1 + 2ir2 (α1 − α2)∂θ u¯1 +
(α1−α2)2
r2 u¯1 −∆u0,
)
.
Furthermore, cosh 2mt ∼ r1+2(α1−α2), and since |α1 − α2| < 1, | − i ? MΦt | ≤ Cr−2+δ for
some δ > 0. Hence the indicial roots of Lt are the same as those for ∆A~α . The indicial
roots corresponding to γ diagonal are the integers, just as before. The induced operator
for the off-diagonal part is
u1 7→
(
− ∂
2
∂r2
− 1
r
∂
∂r
− 1
r2
(∂θ + i(α1 − α2))2)
)
u1.
Writing−(∂θ + i(α1− α2))2 = T, then ν is an indicial root if and only if ν2 is an eigenvalue
of T. But (T − ν2)ζ = 0 has a nontrivial solution if and only if ν2 = (` + α1 − α2)2 for
some ` ∈ Z, and hence
Γ(Lt) = Γ(∆At) = Z∪ {±(`+ α1 − α2) | ` ∈ Z}.
For later reference, Γ(∆At) ∩ (−1, 1) = {±(α2 − α1) and ±(1− (α2 − α1))}.
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As t→ ∞, the fields converge to
dA∞ = d+
α1 + α2
2
(
i 0
0 i
)
dθ − 1
4
(
i 0
0 −i
)
dθ, Φ∞ =
(
0 r− 12
z−1r 12 0
)
dz,
and hence, denoting
∆−1/2 := −∂2r u1 −
1
r
∂ru1 − 1r2
(
∂θ − i2
)2
,
the operators are
∆A∞γ =
(
∆0u0 ∆−1/2u1
∆−1/2u1 −∆0u0
)
, −i ? MΦ∞γ =
8
r
(
2u0 u1 − eiθ u¯1
u¯1 − e−iθ u¯1 −2u0
)
.
Thus, here too MΦ∞ has no effect on the indicial roots, and to leading order, Lo∞ := ∆A∞ −
i ? MΦ∞ ∼ ∆A∞ so Γ(Lo∞) = Z∪
(
Z+ 12
)
.
4.3. Lt near weakly parabolic points. Finally, if p ∈ Dw, then near p, the model solution
is the t-independent pair of fields
dA = d+
(
iα1 0
0 iα2
)
dθ, Φ =
σ
z
(
1 0
0 −1
)
dz.
Thus dA = dA~α is the Chern connection of the model metric and ∆A = ∆A~α . In addition,
−i ? MΦγ = 16 |σ|
2
r2
(
0 u1
u¯1 0
)
;
this transformation has eigenvalues
λ0 = 0, λ1 = 16
|σ|2
r2
, λ2 = 16
|σ|2
r2
,
hence is nonnegative with nullspace consisting of the diagonal matrices. This is a ‘Hardy-
type’ potential term and the indicial roots depend on σ.
The action of ∆A on diagonal γ is simply ∆0, so the indicial roots for this part are the
integers Z. For the off-diagonal terms of Lt, the indicial roots are
{±[(`+ α1 − α2)2 + 16|σ|2]1/2}.
5. MAPPING PROPERTIES
The operator Lt acts on various natural function spaces. To accommodate its conic
structure, the most common are weighted b-Sobolev or b-Ho¨lder spaces. (There are also
closely related conic versions of these spaces which we do not introduce for simplicity.)
The former are more convenient when using duality and other Hilbert space arguments,
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while the latter are more convenient for the nonlinear aspects of the problem. The geo-
metric microlocal approach makes it possible to switch back and forth between the two.
We remind the reader that in this section we take Q = 1 for notational simplicity, as
discussed in Remark 4.1.
5.1. Fredholm map and weighted spaces. We begin by defining the basic b-Ho¨lder space.
Let P be a finite set of points on C, which we take below to be either D or Z ∪ D. For any
0 < α < 1, define
C0,αb (C, P) =
{
u ∈ C0(C \ P) : sup
z 6=z′
|u(z)− u(z′)|(r + r′)α
distg(z, z′)α
:= [u]b;0,α < ∞
}
,
where we use polar coordinates z = reiθ near each point of P. The space is defined in the
standard way elsewhere on C. Note that distg(z, z′)α is comparable in a neighborhood of
each such p to |r− r′|α + (r + r′)α|θ− θ′|α. Observe also that functions with this b-Ho¨lder
regularity need not be continuous at P.
It is useful in defining the higher regularity b-Ho¨lder (and Sobolev) spaces to pass from
the surface C to its blowup at the points of P. This entails replacing each p ∈ P by its circle
of unit normal vectors; thus CP is a manifold with boundary equal to a union of circles
and with smooth structure determined by the lifts of the smooth functions on C and polar
coordinates (r, θ). Now consider the space Vb, the span over C∞(CP) of the vector fields
r∂r and ∂θ. Invariantly, Vb consists of all smooth vector fields on CP which are tangent to
all boundaries. In terms of these, the higher regularity spaces C`,αb (C, P; i su(E)) consist
of those sections u for which V1 . . . Vju ∈ C0,αb (C, P; i su(E)) for any j ≤ ` and where each
Vi ∈ Vb. We also define their weighted versions rνC`,αb (C, P; i su(E)) for any ν ∈ R.
The weighted b-Sobolev spaces are defined by
rδH`b = {u = rδv : V1 · · ·Vju ∈ L2 ∀ i ≤ ` and Vi ∈ Vb}.
All of these definitions adapt immediately to sections of vector bundles over C.
There is a useful ‘comparison’ between the b-Sobolev and b-Ho¨lder spaces. Functions
in rν+1L2 just fail to lie in rνC0,αb , and conversely, rν+eC0,αb is contained in rν+1L2 for any
e > 0 but does not lie in this weighted L2 space if e ≤ 0. We say that the two spaces rνC0,αb
and rν+1L2 are commensurate.
We now refocus on the case where P = D. It is obvious from the definitions that for
every ν ∈ R and ` = 0, 1, 2, . . .,
Lt : rνC`+2,αb (C, D; i su(E))→ rν−2C`,αb (C, D; i su(E)) (5.1)
is bounded. The first main result explains when this map is Fredholm.
Proposition 5.1. Writing Γ(Lt) as the set of indicial roots of Lt, fix ν ∈ R \ Γ(Lt).
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(i) For any ` ≥ 0, the operator
Lt : rνC`+2,αb (C, P; i su(E))→ rν−2C`,αb (C, P; i su(E))
is Fredholm, with index and nullspace both constant as ν varies over each connected com-
ponent of R \ Γ(Lt).
(ii) If Ltγ = η ∈ rν−2C`,αb (C, P; i su(E)) and γ ∈ rν
′+1L2(C, P; i su(E)) for some ν′ < ν,
then γ = ∑ γjrνj + γ˜, where the finite sum is over all indicial roots with νj ∈ [ν′, ν) and
γ˜ ∈ rνC`+2,αb . (If 0 ∈ (ν′, ν), one must allow an additional term γ˜0 log r in this sum.)
(iii) If Ltγ = η ∈ rν−2C`,αb and γ ∈ rν+1L2, then γ ∈ rνC`+2b .
(iv) If η is polyhomogeneous and γ ∈ rνC2,αb for some ν, γ is also polyhomogeneous, with
exponents in its expansion determined by those in the expansion for η together with the
indicial roots of Lt lying in [ν,∞). In particular, any element of the nullspace of Lt is
polyhomogeneous.
5.2. Pseudo-Friedrichs extensions. We now adapt and modify a concept from L2 the-
ory: the Friedrichs extension of Lt. Classically, this is a canonical realization of Lt as a
self-adjoint operator, using only its semiboundedness and associated quadratic form, and
starting from the core domain C∞0 (C \ P). Briefly, for any γ in this core domain we have
that
〈Ltγ,γ〉L2 = ‖dAtγ‖2L2 + 2t2‖[Φt,γ]‖2L2 ≥ 0, (5.2)
cf. [MSWW16, Proposition 5.1]. Then there is a unique self-adjoint extension of Lt, de-
fined on its Friedrichs domain DL2Fr , with the property that (5.2) remains valid and for
which the domain of this quadratic form is minimal amongst all such extensions. It is
well-known that, despite the singularities of Lt, DL2Fr is compactly included in L2 and
hence (Lt,DL2Fr ) has discrete spectrum; by (5.2), all eigenvalues lie in [0,∞).
We now consider a Ho¨lder space analogue which includes some additional flexibility
in the range space. Fix any ν ≥ 0 and define
D`,αFr (Lt)(ν) = {γ ∈ C`,αb : Ltγ ∈ rν−2C`,αb }.
Observe that D`,αFr (Lt)(0) = C`+2,αb . For more general ν > 0, conic elliptic regularity
implies that D`,αb (ν) ⊂ C`+2,αb , and in fact, there is a complete characterization:
D`,αFr (Lt)(ν) =
γ = ∑0≤νj<ν γjrνj + γ˜ : aj ∈ R, γ˜ ∈ rνC`+2,αb
 .
In other words, any γ in this domain has a partial expansion involving all indicial roots in
the interval [0, ν) (but excluding the unbounded term log r) with a remainder vanishing
like rν.
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Remark 5.2. Near any point p ∈ D, the leading term γ0 in the expansion of any γ ∈
D0,αFr (ν) is a constant diagonal Hermitian matrix. Indeed, the indicial root 0 for Lt is
associated with the 0th eigenvalue of the Laplacian on S1, and occurs only for the indicial
equation on the diagonal part of γ.
Lemma 5.3. If γ ∈ D0,αFr (ν), then (5.2) holds whenever ν > 0.
Proof. The boundary term in the integration by parts leading to (5.2) is
lim
e↘0
∫
r=e
〈∂rγ,γ〉 rdθ.
The leading term γ0 is annihilated by ∂r, so the leading term in the pointwise inner prod-
uct is O(rµ−1), where µ is the minimum of ν and the first positive indicial root of Lt for
the diagonal operator. Multiplying by rdθ, this boundary term vanishes since µ > 0. We
note also that both 〈MΦtγ,γ〉 and |[Φt,γ]|2 are integrable. Indeed, in the strongly para-
bolic case, these are each bounded pointwise by Cr2(α1−α2), while in the weakly parabolic
case, the leading part of Φt and its adjoint are both diagonal, hence commute with γ0, so
these two terms are bounded by Cr2µ−2 for some µ > 0. 
Lemma 5.4. The map Lt : DL2Fr → L2 is invertible provided Z ∪ Ds 6= ∅.
Remark 5.5. The sum of the orders of the zeros and poles of any meromorphic quadratic
differential on C equals 4g− 4. If there are no zeros, then there can be at most two poles of
order 2, and in fact the only cases where Z ∪Ds = ∅ is when C = S2 and q = c2dz2/z2, or
when C = T2 and q has no zeros or poles. We henceforth exclude these two trivial cases.
Proof. If γ is in the classical L2 Friedrichs domain, then (5.2) holds, and hence if Ltγ = 0,
then dAtγ = 0 and [Φt,γ] = 0. The first equality implies that γ is parallel, so |γ|2 is
constant on C \ D. If Ds is nonempty, then in a standard holomorphic coordinate near a
strongly parabolic point, the equation [Φ,γ] = 0 yields
γ =
(
0 u1
u¯1 0
)
.
Taking into account the indicial root set for this off-diagonal term, we must have u1 =
O(rν0), where ν0 is the first positive indicial root for the off-diagonal operator. Hence in
this case we obtain that γ ≡ 0. Similarly, near any point of Z, γ is also off-diagonal and
in this case [Φ,γ] = 0 yields that u1z = re2`t u¯1. A simple computation shows that u1 ≡ 0
in the region where `t > 0, hence γ ≡ 0 once again. Since Lt on this Friedrichs domain is
self-adjoint and injective, it is bijective and hence an isomorphism. 
Lemma 5.6. For ν > 0 and γ ∈ D0,αFr (Lt)(ν), if Ltγ = 0, then dAtγ = 0 and [Φt,γ] = 0.
Hence if Z ∪Ds 6= ∅, then γ = 0. In this case, Lt : D0,αFr (Lt)(ν)→ rν−2C0,αb is an isomorphism.
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Proof. Since γ = γ0 + γ˜, the boundary term
∫
r=e〈∂rγ˜,γ0〉 rdθ vanishes as e→ 0, so dAtγ =
0 and [Φt,γ] = 0 as in the previous Lemma. Thus repeating the same arguments, except
for the trivial case where Z ∪ Ds is empty, Lt is injective.
Now fix any η ∈ rν−2C0,αb . If ν > 1, then rν−2C0,αb ⊂ L2, so there exists some γ ∈ DL
2
Fr
such that Ltγ = η. By parts (iii) and (iv) of Proposition 5.1, γ decomposes as a finite sum
∑ rνjγj, with each indicial root νj ∈ [−1, ν) and a remainder term γ˜ ∈ rνC2,αb . However,
no term with rνj for νj < 0 or log r can lie in the L2 Friedrichs domain, so the sum is
actually only over nonnegative νj. Thus γ lies in D0,αFr (ν). By the open mapping theorem,
Lt : D0,αFr → C0,αb is an isomorphism.
If 0 < ν ≤ 1, we must argue differently since we cannot obtain the solution γ from
the L2 theory. For this we note that, extending part (i) of Proposition 5.1, Lt : r−ν′C2,αb →
r−ν′−2C0,αb is surjective when ν′ > 0. This can be deduced from a duality statement on
weighted L2 spaces and some version of part (iii) of this same Proposition. We refer to
[MW17] for details. In any case, now apply part (ii) of this Proposition to obtain that γ
is a finite sum of terms γjrνj with νj ∈ [−ν′, ν), a term γ˜0 log r since 0 ∈ (−ν′, ν), and
a ‘remainder’ term γ˜ ∈ rνC2,αb . We can take ν′ arbitrarily small, so the only potentially
problematic term in this expansion is γ˜0 log r.
At this point we have obtained a solution γ to Ltγ = η which has the property that
γ ∼ γ˜0(p) log r + γ0(p) + . . . at each p ∈ D. We claim that there is another solution to
this same equation which is bounded, i.e., does not have these logarithmic terms at any
of the singular points of q. To prove this, we show that there exists an element γ̂ in the
nullspace of Lt which has the same asymptotics γ̂ ∼ γ˜0(p) log r + O(1) at each p ∈ D.
Equivalently, we claim that the map
ker (Lt) ∩ r−ν′C2,αb 3 γ 7→ (γ˜0(p))p∈D ∈ R|D|
is a bijection. (Here |D| is the number of points in D.)
To prove this claim, we quote two further facts, both discussed in [MW17]. First, con-
sider the two Fredholm mappings Lt : r±ν′C2,αb → r±ν
′−2C0,αb . There is a relative index
theorem which states that the difference between the indices of these two maps is the al-
gebraic multiplicity of the indicial root 0, which in this case equals 2|D|. (This is because
at each p ∈ D the multiplicity of the indicial root 0 for the one-dimensional diagonal part
of Lt is 2, while 0 is not an indicial root for the nondiagonal part). Next using that Lt is
injective on positively weighted spaces and surjective on negatively weighted spaces, we
see that this difference of indices is in fact equal to twice the dimension of the nullspace
of Lt on r−ν′C2,αb . Finally, the map from this nullspace to the vector (γ˜0(p))p∈D ∈ R|D| is
injective, since any nullspace element with no log terms lies in D0,αFr (ν′), and hence must
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be trivial. This proves that the map is bijective, and hence we can find a nullspace element
γ̂ with precisely the correct log r coefficients at each p ∈ D. This proves the claim. 
We have now established the existence of an inverse L−1t both in this Ho¨lder setting,
and we denote this by Gt. It is a conic pseudodifferential operator of order −2, and the
structure of its Schwartz kernel will play a role below.
5.3. Uniform mapping properties. In this section we estimate the growth of the norm of
Gt = L−1t : C0,αb → D0,αFr as t→ ∞. We begin with L2 and Sobolev estimates.
Proposition 5.7. The norm of the inverse Gt : L2 → L2 is uniformly bounded as t→ ∞.
Proof. Let λt denote the smallest eigenvalue of Lt. We have already shown that λt > 0 for
every t, and this proposition is equivalent to the claim that there exists κ > 0 such that
λt ≥ κ for every t ≥ 1. Define Lot = ∆At − i ∗ MΦt . Since −i ∗ MΦt ≥ 0, it follows that
Lt ≥ Lot for t ≥ 1, and thus it suffices to show that the smallest eigenvalue λot of Lot is
bounded below by some κo > 0.
A special role is played in this argument by points in the sets Z and Ds since the struc-
ture of Lt changes as t → ∞ at these points (but not at points in Dw). Choose a local
holomorphic coordinate z centered at each point p ∈ Z ∪ Ds and a disc Dp around each
such p. We do not label these coordinate patches separately, and for simplicity, tacitly
assume thatDp = {|z| ≤ 3/4}. Define the family of smooth positive weight functions µt
on C such that
µt(z) =

(t− 43 + |z|2) 12 on each disk Dp, p ∈ Z,
(t−4 + |z|2) 12 on each disk Dp, p ∈ D,
1 on C \⋃p∈Z∪DDp.
For each t ≥ 1, denote by ψt the eigenfunction of Lot with eigenvalue λot , normalized so
that
sup
C\D
µδt |ψt| = 1,
where δ > 0 is a fixed constant specified below. We assume by way of contradiction that
λot → 0, at least for some sequence of values tj → ∞. Write µj = µtj and ψj = ψtj , and for
each j, choose a point qj such that µδj (qj)|ψj(qj)| = 1.
Case 1. Suppose that (at least some subsequence) of the qj does not converge to Z∪D. By
the local boundedness of the µj, elliptic regularity, and a diagonalization argument, we
may choose a subsequence of the ψj (labeled again as ψj) which converges in C∞ on any
compact subset of C× := C \ (Z ∪ D) to a limit ψ∞. Since λoj → 0, this limiting function
satisfies Lo∞ψ∞ = 0 and |ψ∞| ≤ |z|−δ. Furthermore, ψ∞ is not identically 0 since it is
nonvanishing at the point lim qj.
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As described earlier, Lo∞ is a conic differential operator. By local conic elliptic regularity
theory, ψ∞ has a complete asymptotic expansion near each p ∈ Z∪D in powers rνi where
the νi are indicial roots of Lo∞, and possibly also including the term log r. Choosing δ
smaller than the absolute value of the first nonzero indicial root at any point of Z ∪ D,
each νi must be nonnegative, but a priori the log r term may still be present. To rule this
out, integrate by parts when t is large but finite to get
λoj ‖ψj‖2 = 〈Lojψj,ψj〉 =
∫
|dAjψj|2 + |[Φj,ψj]|2.
Since |ψj|2 ≤ Cµ−2δj is uniformly L1, the left hand side tends to 0 and we conclude that
dA∞ψ∞ = 0, [Φ∞,ψ∞] = 0. The latter equation implies that ψ∞ is a multiple of Φ∞,
hence purely off-diagonal near Z ∪ Ds, and hence must vanish at least like r1/2. The first
equation implies that |ψ∞| is constant, and hence ψ∞ ≡ 0. This is a contradiction and
hence this case cannot occur.
Case 2. Next suppose that qj converges to a point q∞ ∈ Z, and that µδj |ψj| converges to
zero on any compact subset of C×. The point qj corresponds to zj in a fixed holomorphic
coordinate z around q∞, and we must distinguish two cases, depending on the rate at
which zj → 0.
To understand this, we first digress and consider the rescaled problem. Near any point
of Z, write $ = t2/3r (note the difference with the change of variables ρ = 83 tr
3/2 used
earlier). Since Aappt equals A
model
t in this neighborhood, its coefficients depend only on $
here. A brief calculation shows that ∆At = t
4/3∆$, the connection Laplacian associated to
Amodel1 . Recall that the difference ∆$ − ∆Afid∞ decays exponentially as $ → ∞. The other
term −i ? t2MΦt behaves similarly: the matrix entries of Φt and Φ∗t equal r1/2 times func-
tions of t2/3r = $, so t2Mt = t4/3M$, whereM$ is an endomorphism with coefficients
depending only on ($, θ). Altogether, in this neighborhood,
Lt = t4/3(∆$ − i ?M$), Lot = t4/3(∆$ − i ? t−4/3M$).
Return now to the argument at hand. Set w = t
2
3
j z and wj = t
2
3
j zj. We must distinguish
two cases based on whether or not wj remains bounded.
Suppose that |wj| ≤ C for all j. Set ψ˜j(w) = t−4δ/3ψj(t−2/3j w) so that |ψj(z)| ≤ µ−δj with
equality at zj is the same as |ψ˜j(w)| ≤ (1 + |w|2)−δ/2 with equality at wj. This function
solves
(∆$ − i ? t−4/3j M$)ψ˜j(w) = t−4/3j λoj ψ˜j(w).
Taking the limit, we obtain a nontrivial ψ˜∞ defined on all of C, which decays like |w|−δ
as w → ∞, and which solves ∆$ψ˜∞ = 0. The splitting of ψ˜∞ into its diagonal and off-
diagonal parts is now global on C; we call these parts ψ′∞ and ψ′′∞, respectively. The
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operator induced by ∆$ on ψ′∞ is simply the scalar Laplacian ∆0, and hence by stan-
dard conic theory, ψ′∞ decays like $−1. This is sufficient to justify the integration by parts
〈∆$ψ′∞,ψ′∞〉 = |dA$ψ′∞|2 = 0. Hence ψ′∞ has has constant norm, but also decays at infinity,
so it must vanish identically. On the other hand, the induced operator on the off-diagonal
part is ∆0− Fo1 i∂θ + 4(Fo1 )2. Expanding ψ′′∞ into Fourier series, then the kth Fourier compo-
nent satisfies (−r−2(r∂r)2 − (i∂θ − 2Fo1 )2)ψ′′∞,k = 0. As $ → ∞, this operator converges to
−r−2(r∂r)2− (k− 1/2)2, and by standard ODE theory, any bounded solution must decay
exponentially. Hence by the same argument, this term too must vanish identically.
The other possibility is that σj := |wj| → ∞. We now rescale further, letting ŵ = w/σj
(or altogether, ŵ = t2/3j σ
−1
j z). Defining ψ̂j(ŵ) = σ
−δ
j ψ˜j(σjŵ), then
σ−δj |ψ˜j(σjŵ)| ≤ σ−δj (1+ σ2j |ŵ|2)−δ/2 ⇒ |ψ̂j(ŵ)| ≤ (σ−2j + |ŵ|2)−δ/2,
with equality at some point ŵj with |ŵj| = 1.
The limit ψ̂∞ satisfies |ψ̂∞| ≤ |w|−δ and ∆A∞ ψ̂∞ = 0. This operator is conic at both
0 and ∞, and in fact is homogeneous of degree −2. This means that if we expand ψ̂∞
into Fourier series in θ, then each coefficient is a sum of at most two monomials rν
±
j ; the
Fourier mode at energy 0 has coefficient r0 or log r. However, none of these terms are
bounded by r−δ at both 0 and ∞, which is a contradiction. Hence this case cannot occur.
Case 3. The next scenario is that qj → q∞ ∈ Ds ∪ Dw. As before, we distinguish between
two cases, depending on the rate at which the points zj tend to 0. Near strongly parabolic
points, the appropriate scaling factor is t2 so we define ψ˜j(w) = t−2δj ψj(w/tj) which gives
|ψ˜j(w)| ≤ (1 + |w|2)−δ/2, with equality at some point wj. Note that since ψj ∈ DL2Fr , it is
bounded but does not necessarily extend smoothly across the origin.
Assume first that wj remains bounded. We can repeat the arguments for the previ-
ous case almost verbatim and obtain a nontrivial limit ψ˜∞(w) on C \ {0} which satisfies
∆$ψ˜∞ = 0, where now ∆$ is the connection Laplacian associated to the fiducial solution
around a strongly parabolic point if q∞ ∈ Ds and the t-independent fiducial solution
when q∞ ∈ Dw. In addition |ψ˜∞(w)| ≤ (1 + |w|2)−δ/2 with equality at some point w∞.
By conic elliptic theory, ψ˜∞ has a complete asymptotic expansion at w = 0 and another
as w → ∞. Since ψ˜∞ is bounded near w = 0, its expansion there has only nonnegative
exponents and no log r term. Choosing 0 < δ < min{α2 − α1, 1− (α2 − α1)}, then ψ˜∞
decays fast enough to justify the usual integration by parts, which then implies as before
that |ψ˜∞| is constant. It cannot vanish at infinity unless it is identically zero.
If wj = t2j zj is unbounded, then proceeding as in the second part of Case 2, we arrive at
a nontrivial solution ψ˜∞ which satisfies ∆A∞ ψ˜∞ = 0 and |ψ˜∞| ≤ |ŵ|−δ, where ŵ = w/|wj|.
This case is ruled out as before. 
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We have now proved that the unbounded operator Lt : L2 → L2 is invertible and
has inverse Gt = L−1t which has norm bounded independently of t for t ≥ 1. We now
determine the behavior of the norm of Gt mapping between other spaces.
First consider Gt : L2 → H2b , which is well-defined since DL
2
Fr ⊂ H2b . Fix η ∈ L2 and
rewrite Ltγ = η as Lotγ = η + (t2 − 1)i ∗MΦtγ.
Since ‖γ‖L2 ≤ C‖η‖L2 with C independent of t, consider the right hand side as a func-
tion η˜ with ‖η˜‖L2 ≤ Ct2‖η‖L2 . The H2 bound for γ on any compact set disjoint from
Z ∪ D follows from standard elliptic theory and the L2 estimate for γ. We consider this
estimate near each of the different types of points of Z ∪ D in turn.
The easiest is in fact the estimate near q ∈ Dw for the simple reason that the operator is
t-independent there. Thus Lotγ = η˜ is a fixed conic operator in a neighborhood around
such a q and the estimate follows from standard conic theory, cf. [MW17].
If q ∈ Ds, then Lot is an elliptic conic operator for all t including t = ∞, but the indicial
root structure changes in the limit as t→ ∞.
It is possible to construct a uniformly t-dependent family of parametrices Gp,t for Lot in
the ‘calculus with bounds’. This implies that any combination of up to two b-derivatives
involving r∂r and ∂θ applied to Gp,t is bounded on L2 with norm independent of t, which
is what we require. However, we can derive this in a more elementary way using the
Mellin transform. Recall that if f (r, θ) ∈ L2(rdrdθ) is supported in r ≤ 1, then
fM(ζ, θ) =
∫ ∞
0
f (r, θ)riζ
dr
r
is holomorphic in the lower half-plane Im ζ < 1 with L2 norm on each line Im ζ = −e
uniformly bounded as e ↗ 0−. If f ∈ rνL2(rdrdθ) then fM is holomorphic in the lower
half-plane Im ζ < ν− 1. Now write Ltγ = η˜ as r2∆Atγ = i ? r2MΦtγ+ r2η˜. The operator
on the left is −(r∂r)2 − ∂2θ for the diagonal part and −(r∂r)2 + (i∂θ − 2Fpt (r))2 for the off-
diagonal part.
Now, i ? r2MΦtγ is uniformly in r
δL2(rdrdθ) as t ≤ ∞ for some δ > 0. For the diagonal
part, pass to the Mellin transform and write the equation as (ζ2 + ∂2θ)γM = FM where
F is the sum of the two terms on the right and FM its Mellin transform. Thus FM is
holomorphic in the half-plane Im ζ < 1 + δ. The resolvent (ζ2 + ∂2θ)
−1 has poles at the
points ik, k ∈ Z, hence applying it to both sides we see that γM is meromorphic in Im ζ <
1+ δ with poles possibly at ki, k = 1, 0,−1, . . .. However, since γ ∈ L2, then a priori γM is
holomorphic in Im ζ < 1 with uniform L2 bounds on each horizontal line; this prohibits
any of the possible poles of γM. The expression γM = (ζ2 + ∂2θ)
−1FM shows that in fact
γM(ζ, θ) takes values in H2(S1) and both ζγM and ζ2γM satisfy uniform L2 estimates on
each horizontal line Im ζ < 1. Taking the inverse Mellin transform, we find that γ ∈ H2b .
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The argument for the off-diagonal part has one additional step. Indeed, we can write
the equation as
−((r∂r)2 + ∂2θ)γ = i ? r2MΦtγ+ r2η˜ + 4iFpt ∂θγ− 4(Fpt )2γ.
The right hand side lies in L2 as a function of r, uniformly in t, with values in H−1(S1).
Now take the Mellin transform and apply the resolvent (ζ2 + ∂2θ)
−1; this shows that γM,
ζγM and ζ2γM are holomorphic in Im ζ < 1 with values in H1(S1). We can recycle this
information back into the initial equation, so that the right hand side is now L2 in both r
and θ so we deduce that γ ∈ H2b uniformly in t as claimed.
The analysis near points of Z is essentially the same, and we leave the details to the
reader. In summary, we have proved the
Proposition 5.8. The norm of the inverse L−1t : L2 → H2b is bounded by Ct2 for some C > 0.
We may now prove bounds for the norm of this inverse acting between b-Ho¨lder spaces.
We show first that L−1t : C0,αb → C0,αb has norm bounded by Ct2. This is not an optimal
estimate, but is sufficient for our purposes. The key to this is Sobolev embedding and
the scale-invariant nature of the b-Ho¨lder and b-Sobolev norms. More specifically, using
the embedding H2 ⊂ C0,α on any compact set of C \ (Z ∪ D), it suffices to establish the
norm estimate in a neighborhoodDp of each p ∈ Z ∪ D. Using cutoff functions, we may
as well assume that γ is supported in such a neighborhood. Decompose Dp \ {p} into a
countable union of annuli Aj = {2−j−1 ≤ r ≤ 2−j}. Denote by A′j = {2−j−2 ≤ r ≤ 2−j+1}
a slight enlargement of Aj. Let k j : A1 → Aj be the dilation (r, θ)→ (2−jr, θ), and let {χj}
be a partition of unity relative to this cover. Then, by definition of the b-norms
‖η‖C0,αb
∼= sup
j
‖χjη‖C0,αb = supj
‖k∗j (χjη)‖C0,α(A1)
and
‖γ‖2H2b
∼=
∞
∑
j=0
‖χjγ‖2H2b =
∞
∑
j=0
‖k∗j (χjγ)‖2H2(A1).
Now using that H2(A1) ⊂ C0,α(A1) ⊂ L2(A1), we have
‖γ‖2C0,αb ≤ C supj
‖χjγ‖2C0,αb ≤ C supj
‖χjγ‖2H2b
≤ C∑
j
‖χjγ‖2H2b ≤ C‖γ‖
2
H2b
≤ Ct2‖η‖L2 ≤ Ct2‖η‖C0,αb .
The second inequality is the result of dilating by k∗j , applying the ordinary Sobolev em-
bedding bound, then dilating back by (k−1j )
∗. This establishes that
Proposition 5.9. The norm of the inverse L−1t : C0,αb → C0,αb is bounded by Ct2 for some C > 0.
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Finally, write Lotγ = η˜ := η + i ? t2MΦtγ again, and observe that ‖η˜‖C0,αb ≤ Ct
2‖η‖C0,αb .
Localizing to each annulus Aj and applying ordinary Schauder estimates to the rescalings
of γ and η˜ there, we obtain
‖γ|Aj‖C2,αb ≤ C
(
‖η˜|A′j‖C0,αb (A′j) + ‖γA′j‖C0,αb (A′j)
)
,
so we now conclude that
Corollary 5.10. The norm of the inverse L−1t : C0,αb → C2,αb is bounded by Ct4 for some C > 0.
The image of this mapping is the Ho¨lder Friedrichs domain D0,αFr .
We now come to the main estimate.
Proposition 5.11. If ν > 0 is less than the smallest positive indicial root of Lt, then the norm of
the inverse L−1t : rν−2C0,αb → D0,αFr (ν) is bounded by Ct4 for some C > 0.
Proof. Fix any η ∈ rν−2C0,αb and write γ = L−1t η ∈ D0,αFr (ν).
For each p ∈ Z ∪ D, choose a nonnegative smooth cutoff function χp supported in
the unit disk Dp(1) and equaling 1 in Dp(1/2), and define γp = χpGmodelt (χpη). Now,
Ltγp = η in Dp(1/2) since LtGmodelt = Id in this neighborhood. Thus if ζ = γ −
∑p∈Z∪D γp, then Ltζ = η˜, where η˜ vanishes near each p ∈ D and η˜ = η outside ∪pDp(1).
Clearly η˜ ∈ C0,αb , so by Corollary 5.10, ‖ζ‖C2,αb ≤ Ct
4‖η˜‖C0,αb .
It remains to estimate each ‖γp‖C2,αb in terms of ‖ηp‖rν−2C0,αb , and then to estimate ‖η˜‖C0,αb
in terms of ∑ ‖η‖rν−2C0,αb .
First let p ∈ Z. Then Gmodelt (z, z˜) = Gρ(t2/3z, t2/3z˜), see [MSWW19, §5.1] for details.
Writing (ηp)λ(z) = ηp(λz), we calculate that∥∥∥∥∫ Gmodelt (z, z˜)ηp(z˜)dz˜∥∥∥∥C2,αb = t−4/3
∥∥∥∥∫ Gρ(t2/3z, w˜)(ηp)t−2/3(w˜)dw˜∥∥∥∥C2,αb
≤ Ct−4/3
∥∥∥∥∫ Gρ(w, w˜)ηp(w˜)∥∥∥∥C2,αb ≤ Ct−4/3‖ηp‖C0,αb
by dilation invariance of the b-Ho¨lder norms.
Next, if p ∈ Ds then Gmodelt (z, z˜) = Gρ(t2z, t2z˜)dz˜. Rescaling in both z and z˜, we obtain
‖
∫
Gmodelt (z, z˜)ηp(z˜)dz˜‖C2,αb = t
−4
∥∥∥∥∫ Gρ(t2z, w˜)(ηp)t−2(w˜)dw˜∥∥∥∥C2,αb
≤ Ct−4
∥∥∥∥∫ Gρ(w, w˜)ηp(w˜)∥∥∥∥C2,αb .
Now write ∫
Gρ(w, w˜)ηp(w˜) =
∫
Gρ(w, w˜)|w˜|ν−2(|w˜|2−νηp(w˜)).
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We must estimate the C2,αb norm of this integral in terms of the C0,αb norm of |w˜|2−νηp(w˜).
At least for |w| ≤ 10, this follows from the general mapping properties of Gρ as a b-
pseudodifferential operator of order −2, proved in [Maz91]
The hypothesis that needs to be checked is that the integration makes sense. In other
words, in the region where w˜ → 0 and w 6= 0, the Schwartz kernel Gρ(w, w˜)|w˜|ν−2 is
asymptotic to ν− 2 since the smallest nonnegative indicial root of Lρ is zero, and this is
integrable with respect to the area form on R2. On the other hand, as w → ∞, the sup
norm, and a fortiori the C2,αb norm of this integral is uniformly bounded. This proves that
‖
∫
Gmodelt (z, z˜)ηp(z˜)dz˜‖C2,αb ≤ Ct
−4‖ηp‖rν−2C0,αb .
Finally, if p ∈ Dw, then there is no longer any scaling, and we must simply check that
the C2,αb norm of
∫
Gηp is bounded by the rν−2C0,αb norm of ηp. For this, note that the
expansions of G at each of the boundaries involve only the nonnegative indicial roots of
Lt, and hence the integral is well-defined and one can use the same pseudodifferential
boundedness theorem.
The final estimate is the trivial observation that
‖η˜‖C0,αb ≤ ‖η‖C0,αb +∑ ‖ηp‖rν−2C0,αb ≤ C‖η‖C0,αb .
This completes the proof. 
6. CORRECTING TO AN EXACT SOLUTION
We now come to the final step, to modify the approximate solution happt to obtain
an exact solution. As we have explained earlier, this amounts to solving the equation
Fappt (γ) = 0 for some γ ∈ D0,αFr (δ).
Recall that if g is any Hermitian gauge transformation and A any connection, then
FAg = g−1
(
FA + ∂A(g2∂Ag−2)
)
g.
Thus, dropping the superscript ‘app’ for simplicity, Ft(γ) = 0 is equivalent to
FAt + ∂At(e
2γ∂Ate
−2γ) + eγ
[
e−γΦteγ ∧ eγΦ∗t e−γ
]
e−γ = 0.
Recall also the general formula
∇eγ = ∇γE(γ)eγ = eγE(γ)∇γ,
where
E(γ) =
exp(adγ)− 1
adγ
.
34 LAURA FREDRICKSON, RAFE MAZZEO, JAN SWOBODA, AND HARTMUT WEISS
Putting all of these identities together, the equation becomes
Ft(γ) := FAt − 2∂At(E(−2γ)∂Atγ) +
(
Φte2γ ∧Φ∗t e−2γ − e2γΦ∗t ∧ e−2γΦt
)
= 0.
Proposition 6.1. The map Ft : D0,αFr (δ) −→ rδ−2C0,αb is smooth.
Proof. The expression for Ft above is a polynomial in ∂At∂Atγ, ∂Atγ and ∂Atγ with coeffi-
cients E(−2γ), DE|−2γ and e±2γ. Schematically,
Ft(γ) = B1(γ)∂At∂Atγ+ B2(γ)∂Atγ∂Atγ+ B3(γ)(Φt,Φ∗t ), (6.1)
where B1 and B2 are smooth functions of γ and B3(γ) is a bilinear form inΦt andΦ∗t which
coefficients smooth in γ. Furthermore, each γ 7→ Bj(γ) is smooth with respect to the norm
on D0,αFr (δ). Now recall that γ = γ0 + γ˜ where γ0 is independent of r and θ and diagonal,
and γ˜ ∈ r2H2b . This implies that ∇Atγ = ∇At γ˜+ [At, γ˜] since [At,γ0] = 0 because At is
also diagonal. Hence ∇Atγ ∈ rδ−1C1,αb . Finally, the products of terms involving entries of
Φt and Φ∗t are polyhomogeneous and lie in r2(α1−α2)C0,αb ⊂ rδ−2C0,αb .
The structure of the equation as written above clearly implies that each summand lies
in rδ−2C0,αb , and it is also clear that Ft is a smooth map. 
We now expand Ft in a Taylor series around γ = 0, writing
Ft(γ) = ηt + Ltγ+ Qt(γ).
The nonlinear error term Qt is smooth in γ and by inspecting (6.1), we see that
‖Qt(γ)‖rδ−2C0,αb ≤ C‖γ‖C2,αb
(
‖γ‖C2,αb + ‖∇γ‖rδ−1C1,αb + ‖∇
2γ‖rδ−2C0,αb
)
.
The covariant derivative ∇ here is any reference connection which is smooth across the
points of Z and D. Furthermore,
‖Qt(γ1)−Qt(γ2)‖rδ−2C0,αb ≤
C‖γ‖C2,αb
(
‖γ1 − γ2‖C2,αb + ‖∇(γ1 − γ2)‖rδ−1C1,αb + ‖∇
2(γ1 − γ2)‖rδ−2C0,αb
)
.
The constants C which appear in the two preceding inequalities are independent of t.
Theorem 6.2. There exists t0 > 1 such that for every t ≥ t0 there exists γt ∈ D0,αFr (δ) which
satisfies Ft(γt) = 0. Furthermore, this γt is unique amongst Hermitian endomorphisms of small
norm.
Proof. Write the equation to be solved as
γ = −Gt(ηt + Qt(γ))
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where Gt is the inverse described above. Now recall that ‖ηt‖ ≤ Ce−µt for some µ > 0.
The norm estimate of Gt and a straightforward contraction mapping argument, using the
estimates above for Qt, show that ‖γt‖C2,αb ≤ e
−(µ/2)t. 
7. ASYMPTOTIC GEOMETRY OFM′
In this section we establish that for parabolic Higgs bundle moduli spaces, the differ-
ence between gL2 and gsf decays exponentially in t along rays in the portion of the moduli
spaceM′ away from the preimage of the discriminant locus. There are some slight dif-
ferences between the strongly and weakly parabolic settings, and we comment on these
as we go along. The statement of the result in the strongly parabolic setting is directly in
line with what we have discussed before:
Theorem 7.1. Let M be a moduli space of strongly parabolic SL(2,C) Higgs bundles and
(∂E, ϕ) ∈ M′ any stable Higgs bundle. Suppose that ψ˙ = (η˙, ϕ˙) is an infinitesimal variation of
the Higgs bundle moduli space. Consider the family of tangent vectors ψ˙t = (η˙, tϕ˙) ∈ T(∂E,tϕ)M
over the ray (∂E, tϕ, ht). Then as t→ ∞,
‖(η˙, tϕ˙, ν˙t)‖2gL2 − ‖(η˙, tϕ˙, ν˙t)‖
2
gsf
= O(e−εt)
for some ε > 0.
This extends the analogous result for the Hitchin moduli space over SU(n), with holomor-
phic (rather than meromorphic) data, in [Fre18a] , building on [MSWW19] and [DN18].
The proof here is a relatively straightforward adaption of the one in [Fre18a].
The feature here which does not extend to the weakly parabolic case is the fact thatR+
(and in fact C∗) acts on the moduli space only in the strongly parabolic case. The correct
way to extend this theory then is to consider the family of moduli spaces Mt, for each
t > 0, defined as follows. Given [(E , ϕ)] ∈ MHiggs, define the t-Hitchin moduli space
Mt = {[(E , ϕ, ht)] : [(E , ϕ)] ∈ MHiggs}
where ht solves the rescaled Hitchin equations
FD(∂E,ht) + t
2[ϕ, ϕ∗ht ] = 0 (7.1)
and is adapted to the parabolic structure.
The space Mt has a natural L2-metric gL2,t, defined in the obvious way, which is hy-
perka¨hler as before. The goal now is to compare gL2,t to the t-rescaled semiflat metric
gsf,t.
Theorem 7.2. FixMHiggs a moduli space of (weakly or strongly) parabolic SL(2,C) Higgs bun-
dles. Let (∂E, ϕ) ∈ M′Higgs be any stable Higgs bundle and (η˙, ϕ˙) an infinitesimal variation of
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the Higgs bundle moduli space. Identifying (η˙, ϕ˙) with its image in T(∂E,ϕ,ht)Mt, as t→ ∞,
‖(η˙, ϕ˙, ν˙t)‖2gL2 (Mt) − ‖(η˙, ϕ˙, ν˙∞)‖
2
gsf,t
= O(e−εt)
for some ε > 0.
The proofs involve comparing the L2-metrics on the three moduli spaces
M′ = {(∂E, ϕ, h)}/ ∼, M′∞ = {(∂E, ϕ, h∞)}/ ∼, and M′app = {(∂E, ϕ, happ)}/ ∼
(or their t-rescaled versions). We begin by reviewing the gauged infinitesimal deforma-
tions and expressions for gL2 . In §7.3 we show that the semiflat metric is naturally identi-
fied with the L2-metric onM′∞, the regular locus of the moduli space of limiting config-
urations. In §7.4 and §7.5 we establish that gsf − gapp and gapp − gL2 decay exponentially;
the proofs of Theorems 7.1 and 7.2 follow from this.
7.1. The tangent space to MHiggs. We first describe elements of TMHiggs using the
differential-geometric setup as in §2.1. Fix the smooth complex vector bundle E over
C and complete flag F (p) and weight vector~α(p) at each p ∈ D. In terms of these, M
is the quotient spaceM = H~α/GC, where H~α ⊂ H is the space of~α-stable Higgs bundle
structures (∂¯E, ϕ) on (E,F ) and GC is the group of complex gauge transformations pre-
serving F (p) at each p ∈ D. Recall that ∂¯E is a nonsingular holomorphic structure on E,
ϕ has only simple poles at D and ∂¯Eϕ = 0 on C \D. The residue of ϕ at p is nilpotent with
respect to the flag in the strongly parabolic case, but only preserves it in the weakly para-
bolic case with eigenvalues σ(p) and −σ(p). In either setting we say that it is compatible
with the flag.
Differentiating the equality (∂E)eϕe = 0 for a family of parabolic Higgs bundle
(∂E)e = ∂E + eη˙ +O(ε2), ϕe = ϕ+ eϕ˙+O(ε2),
yields
∂E ϕ˙+ [η˙, ϕ] = 0
on C \ D. Since the singular structure of (∂E)e is fixed, η˙ ∈ Ω0,1(End0 E) is nonsingular
and represents an infinitesimal deformation of the holomorphic structure; on the other
hand, ϕ˙ ∈ Ω1,0(End0 C) can have at most simple poles at p ∈ D, with residue is com-
patible with F (p). More precisely, choose a local family of (∂E)e-holomorphic frames
and a holomorphic coordinate z on the disk Dp, and write ϕε = fε dz; then there exists
a smooth sl(2,C)-valued function γ˙ which preserves the flag and a meromorphic f˙ with
simple pole at each p and residue compatible with F (p) such that
η˙ = ∂¯γ˙ and ϕ˙ = ( f˙ + [ϕ, γ˙])dz. (7.2)
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Infinitesimal gauge transformations act on the space of infinitesimal deformations by
(η˙, ϕ˙) 7→ (η˙, ϕ˙) + (∂Eγ˙, [ϕ, γ˙]). (7.3)
We then set
T(∂E,ϕ)M
′
Higgs = { (η˙, ϕ˙) | ∂E ϕ˙+ [η˙, ϕ] = 0 }/ ∼,
where ∼ is the equivalence (7.3).
Lemma 7.3. Suppose that q has a simple pole at p ∈ C, and that z is a holomorphic coordinate
such that q = z−1dz2 = −det ϕ near p. Fix a stable Higgs bundle (∂E, ϕ) ∈ pi−1(q) and an
infinitesimal Higgs bundle deformation [(η˙1, ϕ˙1)] ∈ T(∂E,ϕ)M′Higgs. In the flat metric |dz|2 and
the holomorphic gauge where
∂E = ∂, ϕ =
(
0 1
z−1 0
)
dz,
there is a unique (η˙2, ϕ˙2) ∼ (η˙1, ϕ˙1) on this disk such that
η˙2 = 0, ϕ˙2 =
(
0 0
P˙
z 0
)
dz, P˙ holomorphic.
If q has a double pole, and the holomorphic gauge is chosen so that
∂E = ∂. ϕ =
σ
z
(
1 0
0 −1
)
dz.
then there exists a unique infinitesimal Higgs bundle deformation (η˙2, ϕ˙2) in the equivalence class
such that
η˙2 = 0, ϕ˙2 =
P˙
z
(
1 0
0 −1
)
dz, P˙ holomorphic.
Proof. By (7.2) and the Poincare´ lemma, there exists a representative such that η˙ = 0. We
then adjust by a constant matrix so that the flag at each p is preserved. In the strongly
parabolic case, the residue of the Higgs field is nilpotent, hence at this stage
ϕ˙ =
(
P˙1 P˙2
P˙3
z −P˙1
)
dz,
where the P˙j are holomorphic. Now set
γ˙ =
(
P˙2
2 z(P˙1 + f )
f − P˙22
)
,
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where f is an arbitrary holomorphic function; this too respects the flag structure at z = 0.
Then
ϕ˙+ [ϕ, γ˙] =
(
0 0
P˙2+P˙3
z 0
)
dz;
setting P˙ = P˙2 + P˙3, this has the desired form.
In the weakly parabolic setting, the residue is not nilpotent, so at first we only have
ϕ˙ =
(
P˙1
z P˙2
P˙3
z − P˙1z
)
,
where P˙1, P˙2, P˙3 are all holomorphic. Taking
γ˙ =
(
f − P˙2z2σ
P˙3
2σ − f ,
)
,
which respects the flag structure at z = 0, we obtain
ϕ˙ = ϕ˙1 + [ϕ, γ˙] =
P˙1
z
(
1 0
0 −1
)
dz
as claimed, with P˙ = P˙1. 
7.2. Hyperka¨hler metric. The usual definition of gL2 involves the unitary formulation of
the Hitchin equations, cf. §2. However, following [Fre18a], it is also possible to define this
metric in terms of Higgs bundle deformations (η˙, ϕ˙) and one-parameter deformations of
Hermitian metrics expressed in terms of an sl(E)-valued section ν˙ as
he(v, w) = h(eeν˙v, eeν˙w).
Note that he(v, w) = h(v, w) + e (h(ν˙v, w) + h(v, ν˙w)) +O(e2). In the h0-unitary formu-
lation of Hitchin’s equations, the corresponding deformation is
A˙0,1 = H1/2
(
η˙ − ∂Eν˙
)
H−1/2, Φ˙ = H1/2 (ϕ˙+ [ν˙, ϕ]) H−1/2,
where H is an End E-valued h0-Hermitian section such that h(v, w) = h0(Hv, w). By
[Fre18a, Proposition 2.2], the linearized Hitchin equation and Coulomb gauge condition
are satisfied if and only if
∂hE∂Eν˙− ∂hEη˙ − [ϕ∗h , ϕ˙+ [ν˙, ϕ]] = 0, (7.4)
or equivalently,
P ν˙ := ∂hE∂¯Eν˙− [ϕ∗h , [ν˙, ϕ]] = ∂hEη˙ + [ϕ∗h , ϕ˙].
In the compact case it is easy to see that if (∂¯E, ϕ) is stable, then for a given Higgs
bundle deformation (η˙, ϕ˙) there is a unique ν˙ solving (7.4). Indeed, the index of P is 0,
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so we need only prove that this operator is injective, which can be checked by taking the
inner product with ν˙, integrating by parts and using that a stable Higgs bundle is simple,
cf. [Fre18a, Corollary 2.5]. Having determined ν˙ in this way, we then define the L2-metric
on the Hitchin moduli space by
‖(η˙, ϕ˙, ν˙)‖2gL2 = 2
∫
C
(∣∣∣η˙ − ∂Eν˙∣∣∣2
h
+ |ϕ˙+ [ν˙, ϕ]|2h
)
= 2
∫
C
〈η˙ − ∂Eν˙, η˙〉h + 〈ϕ˙+ [ν˙, ϕ], ϕ˙〉h;
the second equality follows from (7.4) and an integration by parts. As explained in
[Fre18a, Proposition 2.6], this corresponds to the previous definition as follows: start with
the usual formula for gL2 in terms of pairs (A˙
0,1, Φ˙) in Coulomb gauge and calculate:∥∥∥(A˙0,1, Φ˙)∥∥∥
gL2
= 2
∫
C
∣∣∣A˙0,1∣∣∣2
h0
+
∣∣Φ˙∣∣2h0
= 2
∫
C
∣∣∣H1/2 (η˙ − ∂Eν˙)H−1/2∣∣∣2
h0
+
∣∣∣H1/2 (ϕ˙+ [ν˙, ϕ]) H−1/2∣∣∣2
h0
= 2
∫
C
∣∣∣η˙ − ∂Eν˙∣∣∣2
h
+ |ϕ˙+ [ν˙, ϕ]|2h
= ‖(η˙, ϕ˙, ν˙)‖2gL2
(7.5)
In the parabolic setting, ϕ, ϕ˙ and h have singularities, so we must discuss the solvability
of (7.4) in suitable function spaces. Regularity of ν˙ is needed to justify the integration by
parts in (7.5). To that end, first recall the Ka¨hler identities, cf. [MSWW16, §5.1],
2∂hE∂¯Eν˙ = FAh + i ? ∆Ah .
Now, P is a conic operator and acts on weighted b-Ho¨lder spaces as before. Its indicial
roots are the same as those for the operator associated to the flat model metric h~α, i.e., to
2∂hE∂¯Eν˙ = i ? ∆Ah~α . We compute the other term in P . Write ν˙ in the holomorphic frame
e1, e2 and in the unitary frame e˜1 = e1/|z|α1 , e˜2 = e2/|z|α2 are(
a b
c −a
)
, and
(
a˜ b˜
c˜ −a˜
)
=
(
a |z|α1−α2b
|z|α2−α1c −a
)
,
respectively. The expression for ϕ =
(
0 1
1
z 0
)
dz in holomorphic frame becomes
ϕ =
(
0 |z|α1−α2
|z|α2−α1
z 0
)
dz and ϕ∗h~α =
(
0 |z|
α2−α1
z¯
|z|α1−α2 0
)
dz¯
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in unitary frame, and hence
[
ϕ
∗h~α , [ν˙, ϕ]
]
=
(
−2a˜(|z|2(α2−α1−1) + |z|2(α1−α2)) 2 c˜z¯ − 2b˜|z|2(α2−α1−1)
2 b˜z − 2c˜|z|2(α1−α2) 2a˜(|z|2(α2−α1−1) + |z|2(α1−α2))
)
dz¯ ∧ dz.
The coefficients in this matrix are all bounded by |z|−2+ε, hence do not contribute to the
indicial roots of P . Thus the set of indicial roots of P is the same as the set for ∆Ah~α , which
we computed earlier as
Γ(∆Ah~α ) = Z∪ {±(`+ α1 − α2) | ` ∈ Z}.
The integers correspond to the action on the diagonal components and {±(`+ α1 − α2)}
corresponds to the off-diagonal part.
In the weakly parabolic setting, the expression ϕ = 1z
(
σ 0
0 −σ
)
dz leads to the equality
[
ϕ
∗h~α , [ν˙, ϕ]
]
=
1
|z|2
(
0 −4|σ|2b˜
−4|σ|2c˜ 0
)
dz¯ ∧ dz,
in unitary frame; this is now of order |z|−2. The indicial root set for the off-diagonal part
changes to {
±
(
(`+ α1 − α2)2 + 16|σ|2
)1/2 | ` ∈ Z} .
The key point is that there is a gap around 0 for the off-diagonal part in both the strongly
and weakly parabolic cases.
We now consider the issue of solvability.
Proposition 7.4. Given any infinitesimal Higgs bundle deformation (η˙, ϕ˙) of the parabolic Higgs
bundle (∂¯E, ϕ), there is a unique ν˙ ∈ D0,αFr (P)(µ), where µ > 0 is sufficiently small, which solves
∂hE∂Eν˙− ∂hEη˙ − [ϕ∗h , ϕ˙+ [ν˙, ϕ]] = 0.
Proof. If ν˙ ∈ D0,αFr (µ) and P ν˙ = 0, then
0 =
∫
C
〈
∂hE∂¯Eν˙, ν˙
〉
h
− 〈[ϕ∗h , [ν˙, ϕ]], ν˙〉h = ∫C d 〈∂¯Eν˙, ν˙〉h +
∫
C
∣∣∂¯Eν˙∣∣2h + |[ν˙, ϕ]|2h .
By Stokes’ theorem, ∫
C
d
〈
∂¯Eν˙, ν˙
〉
h = limδ→0
∫
∂Cδ
〈
∂¯Eν˙, ν˙
〉
h ,
where Cδ = C \ unionsqp∈DDp(δ). In any one of these disks we have
ν˙ =
(
a˜ b˜
c˜ −a˜
)
and ∂¯E = ∂¯− 12
(
α1 0
0 α2
)
dz¯
z¯
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in the unitary frame (e˜1, e˜2), and so〈
∂¯Eν˙, ν˙
〉
h =
〈(
∂z¯ a˜ ∂z¯b˜− 12z¯ (α1 − α2)b˜
∂z¯ c˜− 12z¯ (α2 − α1)c˜ −∂z¯ a˜
)
,
(
a˜ b˜
c˜ −a˜
)〉
dz¯.
Now, a˜ = a˜0 + a˜1 where a˜0 is constant and a˜1, b˜, c˜ = O(rµ), so
∫
∂Cδ
〈
∂¯Eν˙, ν˙
〉
h = O(δ
µ). This
shows that ∂¯Eν˙ = [ν˙, ϕ] = 0. In particular, the entries of
ν˙ =
(
a b
c −a
)
=
(
a˜ |z|α2−α1 b˜
|z|α1−α2 c˜ −a˜
)
.
in the holomorphic frame (e1, e2) are holomorphic functions. Now, this equality and the
boundedness of a˜, b˜, c˜ show that a is bounded, |c| ≤ C|z|−1+ε and |b| ≤ C|z|ε, hence |c| =
O(1) and |b| = O(|z|), so in particular ν˙ must extend holomorphically across the puncture
and preserve the flag. The stable parabolic Higgs bundle (∂¯E, ϕ) is simple, therefore ν˙
must be a constant multiple of the identity, and since tr ν˙ = 0, we see finally that ν˙ = 0.
As in the proof of Lemma 5.6 this proves that
P : D0,αFr (P)(µ)→ rµ−2C0,αb
is an isomorphism. Finally, for a Higgs bundle deformation (η˙, ϕ˙) we compute using
Lemma 7.3 that
∂hEη˙ + [ϕ
∗h , ϕ˙] ∈ rµ−2C0,αb
for some small µ > 0. Altogether we have shown that there exists a unique ν˙ ∈ D0,αFr (P)(µ)
solving P ν˙ = ∂hEη˙ + [ϕ∗h , ϕ˙]. 
Now suppose that ν˙ ∈ D0,αFr (P)(µ) solves ∂hE∂Eν˙− ∂hEη˙− [ϕ∗h , ϕ˙+ [ν˙, ϕ]] = 0. Following
the proof of [Fre18a, Proposition 2.6], we justify the equalities in (7.5) by checking that
lim
δ→0
∫
∂Cδ
〈
η˙ − ∂¯Eν˙, ν˙
〉
h = 0
However, η˙ is bounded and |∂¯Eν˙| ≤ C|z|−1+ε, so this follows as above.
The L2-metrics onM′∞ andM′app. The L2-metrics onM′∞ andM′app are defined similarly.
The metric deformation ν˙∞ of h∞ satisfies the decoupled equations
∂h∞E ∂Eν˙∞ − ∂h∞E η˙ = 0, [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0, (7.6)
so the L2-metric onM′∞ is
‖(η˙, ϕ˙, ν˙∞)‖2g∞ = 2
∫
C
〈η˙ − ∂Eν˙∞, η˙〉h∞ + 〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞ .
Likewise, the metric deformation ν˙app of happ satisfies
∂h
app
E ∂Eν˙
app − ∂happE η˙ − [ϕ∗happ , ϕ˙+ [ν˙app, ϕ]] = 0,
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so the L2-metric onM′app is
‖(η˙, ϕ˙, ν˙app)‖2gapp = 2
∫
C
〈η˙ − ∂Eν˙app, η˙〉happ + 〈ϕ˙+ [ν˙app, ϕ], ϕ˙〉happ .
The integration by parts in both cases is justified by a similar argument to what was
done above.
The t-rescaled metric gL2,t. For moduli spaces of strongly parabolic Higgs bundles, we can
state the main theorem purely in terms of the metric gL2 defined above. More generally,
for moduli spaces of weakly parabolic Higgs bundles, we must define a t-rescaled L2-
metric gL2,t. As will be discussed in §7.6, we need a t-rescaled L2-metric precisely because
MHiggs is not preserved by C×ζ -action (E , ϕ) 7→ (E , ζϕ).
Given [(E , ϕ)] ∈ MHiggs, define the t-Hitchin moduli space
Mt = {[(E , ϕ, ht)] : [(E , ϕ)] ∈ MHiggs}
where ht solves the t-rescaled Hitchin’s equations
FD(∂E,ht) + t
2[ϕ, ϕ∗ht ] = 0
and is adapted to the parabolic structure.
The non-abelian Hodge correspondence gives a diffeomorphism
NAHCt :MHiggs → Mt
[(E , ϕ)] 7→ [(E , ϕ, ht)].
Given a Higgs bundle deformation [(η˙, ϕ˙)] ∈ T[(E ,ϕ)]MHiggs, there is a corresponding
map of tangent spaces
dNAHCt : TMHiggs → TMt
[(η˙, ϕ˙)] 7→ [(η˙, ϕ˙, ν˙t)],
where ν˙t is determined by
∂htE ∂Eν˙t − ∂htE η˙ − t2 [ϕ∗ht , ϕ˙+ [ν˙t, ϕ]] = 0. (7.7)
Given [(η˙, ϕ˙, ν˙t)] ∈ T[(∂E,ϕ,ht)]Mt, the L2-metric on the moduli space Mt then takes the
form
‖(η˙, ϕ˙, ν˙t)‖gL2,t = 2
∫
C
〈η˙ − ∂Eν˙t, η˙〉ht + t2〈ϕ˙+ [ν˙t, ϕ], ϕ˙〉ht . (7.8)
Remark 7.5. WhenMHiggs is preserved by theC×ζ -action (E , ϕ) 7→ (E , ζϕ), the gL2,t norm
of [(η˙, ϕ˙, ν˙t)] ∈ T[(∂E,ϕ,ht)]Mt equals the usual gL2 norm of [(η˙, tϕ˙, ν˙t)] ∈ T[(∂E,tϕ,ht)]M.
The t-rescaled L2-metrics on M′∞ and M′app. We similarly define t-rescaled L2-metrics on
M′∞ and M′app. The metric deformation ν˙∞ of h∞ is independent of t and still satisfies
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the decoupled equations
∂h∞E ∂Eν˙∞ − ∂h∞E η˙ = 0, [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0.
In particular, it solves
∂h∞E ∂Eν˙∞ − ∂h∞E η˙ + t2 [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0.
for any value of t. The t-rescaled L2-metric onM′∞ is
‖(η˙, ϕ˙, ν˙∞)‖2g∞,t = 2
∫
C
〈η˙ − ∂Eν˙∞, η˙〉h∞ + t2〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞ .
Likewise, the metric deformation ν˙appt of h
app
t satisfies
∂
happt
E ∂Eν˙
app
t − ∂h
app
t
E η˙ − t2
[
ϕ
∗
h
app
t , ϕ˙+ [ν˙appt , ϕ]
]
= 0,
so the t-rescaled L2-metric onM′app is∥∥(η˙, ϕ˙, ν˙appt )∥∥2gapp,t = 2 ∫C〈η˙ − ∂Eν˙appt , η˙〉happt + t2〈ϕ˙+ [ν˙appt , ϕ], ϕ˙〉happt .
The justifications for all these expressions follow by arguments similar to what was
done above.
7.3. The semiflat metric onM′∞. The portion of the moduli spaceM′ not lying over the
discriminant locus has, in addition to the L2-metric, another natural hyperka¨hler metric
gsf, called the semiflat metric. This is an artifact of the complex integrable system structure
[Fre99, Theorem 3.8]. For smooth rank 2 Higgs data, [MSWW19, Proposition 3.7, Propo-
sition 3.11, Lemma 3.12] proves that the this semiflat metric actually equals the L2-metric
on the moduli space of limiting configurationsM′∞. A different proof of this is given in
[Fre18a], which holds also in the SU(n) case with smooth data. That uses the description
of limiting configurations as pairs consisting of a spectral curve Σ and a line bundle L
over Σ with parabolic structure at the ramification points of the covering Σ → C. We
recall this latter perspective and adapt it to the present setting.
The first point is to parametrize variations of limiting configurations. Such a variation
consists of a family of embeddings of a fixed smooth curve Σtop into Tot(KC) and a varia-
tion of the associated holomorphic line bundle. The same complex line bundle L → Σtop
underlies all nearby Higgs bundles, so we can view spectral data as pair (∂L, τ) where
τ is the tautological eigenvalue of pi∗ϕ which gives the embedding of Σtop and ∂L is a
holomorphic structure on L. This gives an isomorphism
T(∂E,ϕ)M
′ → H0(Σb, KΣb)∗odd ⊕ H0(Σb, KΣb)odd
(η˙, ϕ˙) 7→ (ξ˙, τ˙),
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corresponding to the family ∂L + eξ˙ and τ + eτ˙. Variations of the holomorphic structure
on L alone are called vertical variations and involve only ξ˙, while horizontal variations
involve only τ˙. The limiting Hermitian metric h∞ on E → C is the ‘orthogonal push-
forward’ of the unique Hermitian-Einstein metric hL on L → Σ, cf. §3.1 and [Fre18b].
Given a deformation (ξ˙, τ˙) of the spectral data, the associated deformation ν˙L of the Her-
mitian metric hL is determined by the equation
∂hLL ∂Lν˙L − ∂hLL ξ˙ = 0. (7.9)
Due to the obvious homogeneities of the data, there is a one-parameter family of semi-
flat metrics:
Proposition 7.6. [Fre18a, Proposition 2.14] For each t > 0 there is a semiflat metric gsf,t (at
‘scale t’) characterized by the following three properties:
(1) On horizontal deformations, the semiflat metric is
∫
Σb
2|τ˙|2;
(2) on vertical deformations, the semiflat metric is t2
∫
Σb
2|ξ˙ − ∂Lν˙L|2;
(3) horizontal and vertical deformations are orthogonal.
Remark 7.7. We use a slightly different convention than in [Fre18a] and [Fre99] where
horizontal and vertical deformations are weighted by t−1 and t, respectively. The con-
vention adopted here is more useful in §7.6.
The semiflat metric gsf,1 is called the semiflat metric, and denoted simply gsf.
Remark 7.8. The characterization of gsf in [Fre18a] and here is independent of the Hitchin
section, but instead is phrased in terms of the horizontal subspaces with respect to the
Gauss-Manin connection.
Corollary 7.9. The semiflat metric gsf,t is the natural t-rescaled L2-metric on the moduli space of
limiting configurationsM′∞, for deformations in formal Coulomb gauge, and moreover,
‖(η˙, ϕ˙, ν˙∞)‖2gsf,t = 2
∫
C
〈η˙ − ∂Eν˙∞, η˙〉h∞ + t2〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞ . (7.10)
Proof. The corresponding fact in the setting without poles was proved in [MSWW19]; the
proof here is a small modification of [Fre18a, Theorem 2.15]. The t-rescaled L2-metric on
M′∞ equals
‖(η˙, ϕ˙, ν˙∞)‖2g∞,t = limδ→0
(
2
∫
Cδ
〈η˙ − ∂Eν˙1∞, η˙〉h∞ + t2〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞
− 2Re
∫
∂Cδ
〈η˙ − ∂Eν˙∞, ν˙∞〉h∞
)
,
(7.11)
where Cδ = C−∪p∈Z∪DDp(δ). Since h∞ is singular at Z ∪ D, ν˙∞ may also be singular at
this same collection of points. We show that the boundary terms vanish.
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In the setting without poles, if p ∈ Z, the monodromy of the associated abelian Chern
connection is fixed to be (−1)ord(p), hence its infinitesimal variation vanishes. A short
argument [Fre18a] shows that the boundary terms vanish.
Similarly, if p ∈ D, the monodromy is determined by the fixed parabolic weights, hence
its infinitesimal variation also vanishes. Indeed, the hL-unitary deformation of the Chern
connection is D˙ = ξ˙− ∂Lν˙L +(ξ˙− ∂Lν˙L)∗hL (with apologies for the different use of D here),
and the variation of monodromy is the integral of D˙ around a small loop surrounding p. It
follows from (7.6) that D˙ is a harmonic 1-form. The fact that the boundary integrals vanish
for each loop implies that the corresponding cohomology class in H1(S1,R) vanishes,
thus D˙ ≡ 0 and so ∫∂Cδ〈ξ˙ − ∂Lν˙L, ν˙L〉 = 0 as well. This proves that the L2-metric is as in
(7.10).
We now pull back the expression for g∞,t in (7.11) to the spectral cover. Because every-
thing diagonalizes on Σb,
〈(η˙1, ϕ˙1, ν˙1,∞) , (η˙2, ϕ˙2, ν˙2,∞)〉g∞,t
= 2 Re
∫
C
〈η˙1 − ∂Eν˙1,∞, η˙2〉h∞ + t2〈ϕ˙1 + [ν˙1,∞, ϕ], ϕ˙2〉h∞
= Re
∫
Σb
〈pi∗η˙1 − pi∗∂Epi∗ν˙1,∞,pi∗η˙2〉pi∗h∞ + t2〈pi∗ ϕ˙1 + [pi∗ν˙1,∞,pi∗ϕ],pi∗ ϕ˙2〉pi∗h∞
= 2 Re
∫
Σb
〈ξ˙1 − ∂Lν˙1,L, ξ˙2〉hL + t2〈τ˙1 + [ν˙1,L,λ], τ˙2〉hL
= 2 Re
∫
Σb
〈ξ˙1 − ∂Lν˙1,L, ξ˙2 − ∂Lν˙2,L〉+ t2〈τ˙1, τ˙2〉
The last line uses integration by parts and (7.9).
This expression shows that the natural t-rescaled L2-metric g∞,t on M∞ satisfies the
three properties of the semiflat metric gsf,t in the statement of the Proposition since ξ˙1 −
∂Lν˙1,L = 0 for the horizontal deformations and τ˙2 = 0 for the vertical deformations. This
proves the result. 
7.4. Comparing gsf,t and gapp,t. Extending to the parabolic setting an argument due to
Dumas and Neitzke [DN18] and Fredrickson [Fre18a], we now show that gapp,t − gsf,t
decays exponentially in t. Suppose that p ∈ Ds and fix (E , ϕ) ∈ M′, so q = −det ϕ =
z−1dz2 for some holomorphic coordinate z. Fix the usual flat (non-singular) metric onDp,
and a holomorphic frame for which
∂E = ∂, ϕ =
(
0 1
z−1 0
)
dz, h∞ = Q|z|α1+α2
(
|z|−1/2 0
0 |z|1/2
)
.
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The harmonic metric ht is not necessarily diagonal in this frame, but as in (3.6), we define
the approximate harmonic metric
happt = Q|z|α1+α2
(
|z|−1/2emt(|z|)χ(|z|) 0
0 |z|1/2e−mt(|z|)χ(|z|)
)
,
where Q is determined by the frame and the cutoff function χ is the same as in that
earlier setting. Recall also from [MSWW19, Def. 5.1] that an exponential packet in the region
{χ(|z|) = 1} is a (possibly matrix-valued) function of the form
ρt(z) = t2ρ(t2z),
where ρ ∈ C∞(C) converges exponentially to 0 as |z| → ∞.
Lemma 7.10. Let [(η˙, ϕ˙)] ∈ T(∂E,ϕ)M′ be an infinitesimal Higgs bundle deformation. There is a
unique representative in this equivalence class which has the form, in some holomorphic frame on
Dp,
η˙ = 0, ϕ˙ =
(
0 0
P˙
z 0
)
dz, ν˙∞ =
P˙
4
(
1 0
0 −1
)
(7.12)
where P˙ is holomorphic. The difference ν˙appt − ν˙∞ is an exponential packet, as defined above.
Proof. The lemma follows from the following two claims.
CLAIM 1: There is a unique representative in the equivalence class of [(η˙, ϕ˙)] taking the form
(7.12).
. The existence of a representative in the class [(η˙, ϕ˙)] of this form is proved in Lemma
7.3. The deformation ν˙∞ solves [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0 and ∂h∞E ∂Eν˙∞ − ∂h∞E η˙ = 0. Using
the posited form of [(η˙, ϕ˙)], the equation [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0 implies that
ν˙∞ =
P˙
4
(
1 0
0 −1
)
+ Fϕ,
for some function F. The second equation implies that ∂F = 0. Since ν˙∞ is bounded, we
have F(0) = 0. As in the proof of Lemma 7.3, applying an infinitesimal gauge transfor-
mation of the form
γ˙ =
(
0 f z
f 0
)
= z f ϕ, where f is any holomorphic function,
does not alter the representative (η˙, ϕ˙) and only changes ν˙∞ to ν˙∞ + γ˙. Thus setting f =
F/z (which is holomorphic) yields ν˙∞ as in (7.12). /
CLAIM 2: The difference ν˙appt − ν˙∞ is an exponential packet.
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. We use ν˙∞ as an approximate solution for the equation determining ν˙
app
t from (η˙, ϕ˙) for
happt . Since h
app
t = h∞ outside the disksDp, the defect
ρt := ∂
happt
E ∂¯Eν˙∞ − ∂
happt
E η˙ −
[
ϕ
∗
h
app
t , ϕ˙+ [ν˙∞, ϕ]
]
which measures how far ν˙∞ is from solving the equation is supported inside these disks.
More precisely, computing in a frame as above and using Claim 1 we get ∂h
app
t
E ∂¯Eν˙∞ = 0
(since ∂¯Eν˙∞ = 0), −∂h
app
t
E η˙ = 0 (since η˙ = 0) and finally
ρt = −
[
ϕ
∗
h
app
t , ϕ˙+ [ν˙∞, ϕ]
]
=
P˙
|z| sinh
(
2mt(|z|)χ(|z|)
)
σ3.
Now ρt = O(r−2+ε) for some ε > 0 and
Pt : D0,αFr (Pt)(µ)→ rν−2C0,αb , ν˙ 7→ Ptν˙ := ∂
happt
E ∂¯Eν˙−
[
ϕ
∗
h
app
t , [ν˙, ϕ]
]
is an isomorphism. Hence we can find a unique µt ∈ D0,αFr (Pt)(µ) such that Ptµt = ρt.
Now by definition of ρt,
Ptν˙∞ = ρt +
[
ϕ
∗
h
app
t , ϕ˙
]
,
so that with µt as above,
Pt(ν˙∞ − µt) =
[
ϕ
∗
h
app
t , ϕ˙
]
,
i.e. ν˙appt = ν˙∞− µt solves the desired equation. Consequently, by a straightforward adap-
tion of [MSWW19, Prop. 5.3] to the present case, the inverse µt = P−1t ρt is the product of
an exponential packet supported in Dp with an extra factor tσ for some σ. In particular,
its restriction to ∂Dp is of order O(e−γt). Hence ν˙
app
t differs from the diagonal ν˙∞ by this
exponentially small term. Thus ν˙appt is a solution on Dp of the boundary value problem
for the equation
Ptν˙appt =
[
ϕ
∗
h
app
t , ϕ˙
]
boundary conditions which are diagonal up to an exponentially small perturbation. We
note also that the right-hand side is exactly diagonal. Since Pt decouples onDp into diag-
onal and off-diagonal components, it follows by a standard maximum principle argument
that the off-diagonal component of ν˙appt is of order O(e
−εt) everywhere onDp. / 
Proposition 7.11. Fix (η˙, ϕ˙) ∈ T(∂E,ϕ)M′. Then for some ε > 0,∥∥(η˙, ϕ˙, ν˙appt )∥∥2gapp,t − ‖(η˙, ϕ˙, ν˙∞)‖2gsf,t = O(e−εt).
Proof. We first observe that the integrand localizes on disks D = Dp(12) of radius
1
2
around the zeros and strongly parabolic points, i.e. is exponentially small on their com-
plement. On these disks (where happt = h
model
t ), we choose the unique representative
(η˙, ϕ˙) of the equivalence class [(η˙, ϕ˙)] and a holomorphic frame from Lemma 7.10.
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For convenience, since our representative of η˙ vanishes on the disk, we introduce the
notation
δ
(
(0, tϕ˙), (h1, ν˙1), (h2, ν˙2)
)
= 2t2〈ϕ˙+ [ν˙1, ϕ], ϕ˙〉h1 − 2t2〈ϕ˙+ [ν˙2, ϕ], ϕ˙〉h2 .
In order to prove the exponential decay of∥∥(0, ϕ˙, ν˙appt )∥∥2gapp,t(D) − ‖(0, ϕ˙, ν˙∞)‖2gsf,t(D) = 2t2 ∫D〈ϕ˙+ [ν˙appt , ϕ], ϕ˙〉happt − 〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞
=
∫
D
δ
(
(0, tϕ˙), (happt , ν˙
app
t ), (h∞, ν˙∞)
)
,
on a disk of radius 12 around a zero or strongly parabolic point, we break the integrand
into two terms as
δ
(
(0, tϕ˙), (happt , ν˙
app
t ), (h∞, ν˙∞)
)
=δ
(
(0, tϕ˙), (hmodelt , ν˙
X
t ), (h∞, ν˙∞)
)
+ δ
(
(0, tϕ˙), (hmodelt , ν˙
app
t ), (h
model
t , ν˙
X
t )
)
and consider each term separately. Here, ν˙Xt is defined using a well-chosen holomorphic
variation, as follows. If P˙ = ∑∞n=0 anz
n, then following Dumas-Neitzke [DN18, Eq. 10.12],
we set
X =
∞
∑
n=0
an
4n− 2z
n+1
and check that zP˙ + 2X − 4zX ′ = 0. This yields a holomorphic vector field X = X ∂∂z
generating the holomorphic deformation adapted to q˙ = P˙z dz
2. Now define
FXt = ∂zX + 2X ∂z
(
−1
2
log |z|+ mt
)
, so FX∞ =
1
4
P˙.
Then ν˙Xt = F
X
t σ3 satisfies the complex variation equation (7.4) for (∂E, tϕ, h
model
t ) and
Higgs bundle variation (0, tϕ˙) as in (7.12). The fact that ν˙Xt satisfies the complex variation
equation reduces to the equality(
∂z∂z − 4t2|z|−1 cosh(2mt)
)
FXt + t
2e−2mt |z|−1zP˙ = 0. (7.13)
The assertion of the proposition then follows from the following two claims.
CLAIM 1: There is a positive constant ε > 0 such that∫
Dp(1/2)
δ
(
(0, tϕ˙), (hmodelt , ν˙
X
t ), (h∞, ν˙∞)
)
= O(e−εt). (7.14)
. The contribution of the L2-metric to the integrand is
〈ϕ˙t, ϕ˙t〉hmodelt + 〈[ϕt, ν˙t], ϕ˙t〉hmodelt =
e−2mt |P˙|2
|z| −
2e−2mt FXt P˙
|z| . (7.15)
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Using zP˙ + 2X − 4zX ′ = 0, we rewrite
FXt = ∂zX + 2X ∂z
(
−1
2
log |z|+ mt
)
= ∂zX − X2z + 2X ∂zmt =
P˙
4
+ 2X ∂zmt. (7.16)
Then (7.15) becomes
〈ϕ˙t, ϕ˙t〉hmodelt + 〈[ϕt, ν˙t], ϕ˙t〉hmodelt =
e−2mt |P˙|2
2|z| −
4e−2mt P˙X ∂zmt
|z| .
The contribution of the semiflat metric to the integrand is − |P˙|22 , so the integrand in (7.14)
is
It = t2
|P˙|2(e−2mt − 1)− 8e−2mt P˙X ∂zmt
|z| dz ∧ dz¯.
A brief calculation using the identities zP˙ + 2X − 4zX ′ = 0 and ∂zP˙ = 0 shows that
dβt = It, where
βt = 4t2
(e−2mt − 1)P˙X
|z| dz.
By Stokes’ theorem, ∫
Dp(1/2)
It =
∫
∂Dp(1/2)
βt. (7.17)
This identity is justified by the fact that the integrand It blows up only like |z|−2+δ for
some δ > 0; indeed, since X (z) ∼ z, we have
e−2mt∂zmt ∼ |z|−1−2(α1−α2)|z|−1 = |z|−2+2(α2−α1).
Since βt is exponentially small on ∂Dp(1/2), the claim follows from (7.17)./
CLAIM 2: There is a positive constant ε > 0 such that∫
Dp(1/2)
δ
(
(0, tϕ˙), (hmodelt , ν˙
app
t ), (h
model
t , ν˙
X
t )
)
= O(e−εt). (7.18)
. Since the difference ν˙appt − ν˙∞ is an exponential packet, ν˙appt is exponentially close to
ν˙∞ =
P˙
4
(
1 0
0 −1
)
on the boundary of Dp(1/2). This is also true for ν˙Xt as follows from the right-hand side
of (7.16). Hence (
ν˙
app
t − ν˙Xt
)∣∣∣
∂D1/2(p)
= O(e−εt)
(and similarly for all derivatives of that difference).Both are solutions of the equation
∂
hmodelt
E ∂Eν˙−
[
ϕ
∗
hmodelt , ϕ˙+ [ν˙, ϕ]
]
= 0.
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hence their difference µt := ν˙
app
t − ν˙Xt satisfies the homogeneous equation
∂
hmodelt
E ∂Eµt −
[
ϕ
∗
hmodelt , [µt, ϕ]
]
= 0. (7.19)
Now consider the function |µt|2hmodelt ; we calculate that
1
2
∆|µt|2hmodelt = −|∇Dmodelt µt|
2
hmodelt
+ 〈∆Dmodelt µt, µt〉hmodelt ≤ 0,
where ∆ = d∗d and Dmodelt is the Chern connection with respect to ∂¯E and hmodelt . To
show that 〈∆Dmodelt µt, µt〉hmodelt ≤ 0, substitute
∆Dmodelt µt = −2i ∗
[
ϕ
∗
hmodelt , [µt, ϕ]
]
+ i ∗ [FDmodelt , µt]
using (7.19) and the general identity 2∂h
model
t
E ∂E = FDmodelt + i ∗∆Dmodelt . We see that (∂E, ϕ, h
model
t )
is a solution of the self-duality equations, whence
i ∗ [FDmodelt , µt] = i ∗ [F
⊥
Dmodelt
, µt] = −i ∗
[
[ϕ, ϕ
∗
hmodelt ], µt
]
.
Now use the Jacobi identity to compute
〈∆Dmodelt µt, µt〉hmodelt
=
〈
− 2i ∗
[
ϕ
∗
hmodelt , [µt, ϕ]
]
, µt
〉
hmodelt
+
〈
− i ∗
[
[ϕ, ϕ
∗
hmodelt ], µt
]
, µt
〉
hmodelt
= −2
∣∣∣[ϕ, µt]∣∣∣2
hmodelt
−
∣∣∣[ϕ∗hmodelt , µt]∣∣∣2
hmodelt
+
∣∣∣[ϕ, µt]∣∣∣2
hmodelt
= −
∣∣∣[ϕ, µt]∣∣∣2
hmodelt
−
∣∣∣[ϕ∗hmodelt , µt]∣∣∣2
hmodelt
≤ 0.
This shows that |µt|2hmodelt is subharmonic and its restriction to ∂Dp(1/2) is O(e
−εt). By the
maximum principle, µt itself is of order O(e−εt), and this implies (7.18)./ 
7.5. Proof of Theorem 7.2.
Proposition 7.12. Fix the moduli spaceMHiggs of (either weakly or strongly) parabolic SL(2,C)
Higgs bundles. Let (∂E, ϕ) ∈ M′Higgs be any stable Higgs bundle and (η˙, ϕ˙) an infinitesimal
variation. Identify (η˙, ϕ˙) with its image in T(∂E,ϕ,ht)Mt. As t → ∞, the difference between gL2,t
and gapp,t decays exponentially in t:
‖(η˙, ϕ˙, ν˙t)‖2gL2,t −
∥∥(η˙, ϕ˙, ν˙appt )∥∥2gapp,t = O(e−εt).
Proof. We use that ht(w1, w2) = h
app
t (e
γt w1, eγt w2) for any h0-Hermitian γt ∈ D0,αFr (δ)
satisfying ‖γt‖C2,αb ≤ e
−εt, cf. Theorem 6.2, as well as the observation that ν˙t − ν˙appt also
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decays exponentially (which follows since these two quantities satisfy equations whose
coefficients and inhomogeneous terms differ by exponentially small amounts). 
Proof of Theorem 7.2. The theorem follows directly from Proposition 7.11, Corollary 7.9
and Proposition 7.12. 
7.6. Review: The conjecture of Gaiotto, Moore and Neitzke. We review Gaiotto-Moore-
Neitzke’s conjecture for a general (strongly or weakly) parabolic Higgs bundles. In (7.8),
we defined the following metric onMt:
‖(η˙, ϕ˙, ν˙t)‖2gL2,t = 2
∫
C
〈η˙ − ∂Eν˙t, η˙〉ht + t2〈ϕ˙+ [ν˙t, ϕ], ϕ˙〉ht .
where ν˙t is the unique solution to
∂htE ∂Eν˙t − ∂hEη˙ − t2 [ϕ∗ht , ϕ˙+ [ν˙t, ϕ]] = 0.
In §7.3, we defined the t-rescaled semiflat metric
‖(η˙, ϕ˙, ν˙∞)‖2gsf,t = 2
∫
C
〈η˙ − ∂Eν˙∞, η˙〉h∞ + t2〈ϕ˙+ [ν˙∞, ϕ], ϕ˙〉h∞
where the t-independent section ν˙∞ solves the decoupled equations
∂h∞E ∂Eν˙∞ − ∂h∞E ν˙∞ = 0, [ϕ∗h∞ , ϕ˙+ [ν˙∞, ϕ]] = 0.
Fixing the Higgs bundle (E , ϕ) and deformation (η˙, ϕ˙), we consider the difference
‖(η˙, ϕ˙, ν˙t)‖gL2,t − ‖(η˙, ϕ˙, ν˙∞)‖gsf,t . Gaiotto-Moore-Neitzke give a beautiful conjectural de-
scription of the hyperka¨hler metric on the Hitchin moduli space; at the coarsest level, it
states
Conjecture 7.13 (Weak form of Gaiotto-Moore-Neitzke’s conjecture for MSU(2)). Fix a
Higgs bundle (∂E, ϕ) in the regular locusM′Higgs. Then, as t→ ∞
‖(η˙, ϕ˙, ν˙t)‖2gL2,t − ‖(η˙, ϕ˙, ν˙∞)‖
2
gsf,t
= O(e−2Mt)
where M is the length of the shortest geodesic on the punctured spectral curve Σb − pi−1(D) for
b = Hit(E , ϕ) which is not a loop around pi−1(D) (see Figure 7.1), as measured in the singular
flat metric pi∗|det ϕ|.
Note that although Theorem 7.2 proves some degree of exponential decay, the constant
is not the sharp one conjectured by Gaiotto-Moore-Neitzke. A closer examination of our
the methods in this paper (which we do not explain carefully here) can improve our result
to O(e−(M−ε)t) for any ε > 0. (Note, however, that in a special case considered in the next
section we are able to get the exact predicted rate.)
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FIGURE 7.1. Some geodesic paths in the metric |det ϕ| on C near a double
pole (•) and simple zero (×). Near a double pole with residue σdzz , there
is an annulus of closed geodesics that are each of length 2pi|σ|, depending
only on moduli space parameters. Such geodesics are elements of the flavor
lattice Γflavor and do not enter into the conjectured rate of exponential decay
for the difference gL2,t − gsf,t.
There is a significantly stronger version of this conjecture which we explain below.
The hyperka¨hler metric gL2 onM is completely determined by and determines a twisted
fiber-wise holomorphic symplectic structure on the twistor space Z = M× CP1. In
[GMN09, GMN10], the authors conjecture that certain holomorphic Darboux coordinates
Xγ on the twistor space Z = M× CP1 solve a certain integral equation, see [Nei13, Eq
4.8]. Implicit in the solution to this equation is the hyperka¨hler metric, but it is difficult to
pass between the twistor space formulation of the conjecture and what it says about gL2 .
We now describe a slightly stronger version of Conjecture 7.13 that highlights the ingre-
dients in this integral equation. This holds only on the tangent space to the Hitchin section.
One may attempt to solve the integral equation by a Picard iteration starting from the
initial hyperka¨hler metric gsf,t. The successive iterates should approach gL2,t. The first
iterate yields the following expression for the difference of the two metrics over a ray
(E , ϕ, ht) ∈ Mt:
gL2,t = gsf,t −
2
pi ∑γ∈Γb
Ω(γ; b)K0(2|Zγ,t|)(d|Zγ,t|)2 + . . . (7.20)
Here
• Σb pi→ C is the spectral cover;
• Γb is the fiber of a certain local system of lattices (known as the charge lattice, see
[Nei18]) Γ→ B′ over b, fitting into the exact sequence
0→ Γflavor → Γ→ Γgauge → 0.
The other two lattices Γflavor and Γgauge are determined in the following way. If
Σb ⊂ Tot(K(D)) is the compactified spectral curve, then the fiber over b ∈ B of the
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gauge lattice is
Γgaugeb = ker
(
H1(Σb,Z)→ H1(C,Z)
)
.
On the other hand, the fiber Γflavorb of the flavor lattice is, for generic divisors Ds ∪
Dw, a free Z-module generated by loops γ around the points of pi−1(D) in the
punctured spectral curve Σb − pi−1(D), see [Nei18]. Hence, for generic D,
Γb = ker
(
H1(Σb − pi−1(D),Z)→ H1(C,Z)
)
.
Note that this involves the homology of the punctured spectral curve.
• Finally, Z•,t is the period map
Z•,t : Γb → C Zγ,t = t
∮
γ
λ,
where λ is the tautological (Liouville) 1-form on Tot(KC).
Remark 7.14. For loops γ in the image of Γflavor, Zγ,t : B′ → C is a constant
function. For example, for G = SU(2), if γ is a small counter-clockwise oriented
loop around p ∈ Dw with residue σdzz , then Zγ,t ≡ 2pi|σ|.
• K0 is the modified Bessel function of the second kind.
• Ω(γ; b) is an integer-valued generalized Donaldson-Thomas invariant 1 (see [KS08,
JS12] and the discussion in [Nei13]).
The first correction in (7.20) is from the smallest value 2|Zγ0 | for which Ω(γ0; b) 6= 0 and
γ0 /∈ Γflavor. This is why, in Conjecture 7.13, we only consider the length of the shortest
geodesic which is not a loop around pi−1(D). Since K0(x) ∼
√
pi
2x e
−x, the first correc-
tion K0(2t|Zγ0 |) = O
(
e−2|Zγ0 |t
)
. The cross-terms in (7.20) are of order O
(
e−4|Zγ0 |t
)
, see
[Nei18, Eq. 5.3].
The constant of exponential decay conjectured for the whole Hitchin moduli space in
Conjecture 7.13 is equal to this smallest allowable exponent e−2|Zγ0 |. For G = SU(2), |Zγ0 |
is the length of a geodesic in the class; indeed, t
∮
γ |λ| is the length of γ with respect to the
singular flat metric t2pi∗|det ϕ| on the spectral cover Σb. Note that |
∮
γ λ| ≤
∮
γ |λ|, with
equality if and only if γ is a geodesic. In particular, Zγ0 := M is the length of the shortest
geodesic on Σb not surrounding a double pole in the singular flat metric pi∗|det ϕ|, cf.
FIGURE 7.1.
In the strongly parabolic setting, the Hitchin moduli space admits aC×ζ -action, (E , ϕ) 7→
(E , ζϕ). We can then phrase the conjecture in terms of the decay of the difference of the
1If Γ → B′ is the local system with fiber Γb, then Ω : Γ → Z. Given a section γ of Γ, the function
Ω(γ; ·) : B′ → Z is typically not continuous, but jumps at (real) codimension 1 walls in B′ and satisfies the
Kontsevich-Soibelman wall-crossing formula.
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Hitchin and semiflat metrics along an R+t -ray [(E , tϕ, ht)] rather than comparing metrics
on the different moduli spaces Mt and M∞. There is no C×-action in the weakly par-
abolic case because at the double poles, multiplication of the Higgs field by ζ induces
dz2
z2 7→
ζ2dz2
z2 . In the strongly parabolic setting, the C
×-action identifies Mt (with metric
gL2,t) withM1 =M (with metric gL2) isometrically via (∂E, ϕ, ht) 7→ (∂E, tϕ, ht). On the
tangent spaces this becomes (η˙, ϕ˙, ν˙t) 7→ (η˙, tϕ˙, ν˙t).
Conjecture 7.15 (Conjecture 7.13 when MHiggs admits a C×-action). Fix a ray of Higgs
bundles (E , tϕ) ∈ M and a corresponding family of tangent vectors (η˙, tϕ˙) ∈ T(E ,tϕ)M; then
‖(η˙, tϕ˙, ν˙t)‖2gL2 − ‖(η˙, tϕ˙, ν˙∞)‖
2
gsf
= O(e−2Mt),
where M is the length of a shortest geodesic with respect to the singular flat metric pi∗|det ϕ| on
the punctured spectral curve Σb − pi−1(D) which is not a loop around pi−1(D).
8. THE ASYMPTOTIC GEOMETRY OF THE MODULI SPACE OF STRONGLY-PARABOLIC
HIGGS BUNDLES ON THE FOUR-PUNCTURED SPHERE
In this section we specialize the entire previous discussion so as to describe the asymp-
totic geometry of the moduli space of SL(2,C)-Higgs bundles on the 4-punctured sphere.
This is sometimes called the toy model because the moduli space in this case is four-
dimensional, the lowest dimension possible. For simplicity we restrict to the strongly
parabolic setting here so there is a C× action. This action identifies the various torus
fibers pi−1(q), q 6= 0, with one another. The only singular fiber is the nilpotent cone
pi−1(0). Thus the discriminant locus is compact andM′ contains an entire neighborhood
of infinity. Because of this we can sharpen our results considerably to obtain the optimal
rate of exponential decay for gL2 − gsf. We use this to show that the moduli space is a
gravitational instanton of type ALG, decaying exponentially to the flat model metric in
the sense of [CC16]. This exponential behavior is exceptional in the class of ALG-metrics.
We begin, in §8.1, with an explicit description of the elements of the moduli space of
Higgs bundles and the associated spectral data in this 4-punctured sphere setting. The
special Ka¨hler metric on the base and semiflat metric are both quite simple §8.2. We then
turn in §8.3 to a discussion of the predictions by GMN in this particular case. The opti-
mal rate of exponential decay and attendant curvature decay are derived in §8.4. Finally,
§8.5 contains a description of how this case fits into the Chen-Chen classification of ALG
metrics [CC16].
8.1. The moduli space M. We now describe the moduli space of strongly parabolic
SL(2,C)-Higgs bundles on the four-punctured sphere in detail. Take C = CP1 and choose
any divisor D with four distinct points of multiplicity 1. The Higgs bundle moduli space
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depends on the complex structure of (C, D), and without loss of generality, we may use a
Mo¨bius transformation to arrange that the points of D are 0, 1,∞, p0.
FIGURE 8.1. The four-punctured sphere
As before we consider the case where the parabolic bundle E has full flags and that
αi(p) ∈ [0, 1) with α1(p) + α2(p) = 1 for each p ∈ D, i.e., ~α(p) = (αp, 1− αp) for αp ∈
(0, 12). We assume also that pdeg~αE = 0. In summary, the moduli space M of strongly
parabolic SL(2,C)-Higgs bundles depends on the choice of fourth point p0 6∈ {0, 1,∞},
the complex vector bundle E → CP1 of rank 2 and degree −4, and the (real) parabolic
weight vector ~α(p), p ∈ D, with α0(p) ∈ (0, 12), α1(p) = 1− α0(p). For generic weight
vector, the moduli space M is a noncompact complex manifold of complex dimension
2 [BY96, Theorem 4.2]. As an algebraic surface it is the blowup of C× T2τ/ ± 1 at four
singular points, where T2τ is an elliptic curve T2τ [Hau01]. We show later that the modulus
τ ∈ H/SL(2,Z) is determined by the choice of p0. By [Kon93], M carries a complete
hyperka¨hler metric. The space of weights (0, 12)
4 is partitioned into open chambers by
semistability walls, and the weight vector is called generic if it lies in one of these cham-
bers. If the weight vector lies on a wall of semistability, the moduli space is singular.
Details about this chamber structure and the associated wall-crossing phenomena will
appear in the forthcoming work of Meneses [Men20]. We see below that the structure of
the regular partM′ as a complex manifold is the same for all weight vectors, generic or
not.
Note finally that for SL(2,C)-Higgs bundles, we fix the underlying holomorphic and
Hermitian structure on Det E. However, on CP1, these are determined by the degree
deg Det E = −4. Indeed, Det E ' O(−4) and we fix the Hermitian metric
hDetE = |z|2|z− 1|2|z− p0|2
which is adapted to the induced parabolic weights on Det E→ CP1.
8.1.1. Hitchin fibration. The moduli spaceM fibers over the space of meromorphic qua-
dratic differentials with simple poles at the points of D by the map
Hit :M B, (∂E, ϕ) 7→ det ϕ.
Since deg K2
CP1
= −4 equals the number of zeros minus the number of poles (counted
with multiplicity) for any section of K⊗2
CP1
, we see that meromorphic quadratic differentials
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in B have no zeros. Concretely, fix the usual holomorphic coordinate z on C = CP1 −
{∞}. The Hitchin base is then
B =
{
q =
B
z(z− 1)(z− p0)dz
2
∣∣∣B ∈ C} ' CB.
The regular locus is B′ ' C×B .
8.1.2. Explicit description of Higgs bundles inM′.
Proposition 8.1. With all notation as above, the regular locusM′ is stratified by the underlying
holomorphic bundle type of E , which is either O(−2)⊕O(−2) or O(−3)⊕O(−1). The large
stratum is parametrized by triples (B, u, x) ∈ C× ×C×C solving the cubic
Bx(x− 1)(x− p0) + u2 = 0. (8.1)
The corresponding Higgs bundle is
E ' O(−2)⊕O(−2) ϕB,u,x =
(
u −Bz(z−1)(z−p0)+u2z−x
z− x −u
)
dz
z(z− 1)(z− p0) .
The small stratum consists of pairs
E ' O(−1)⊕O(−3) ϕ =
(
0 1
− Bz(z−1)(z−p0) 0
)
dz.
Consequently, the fiber over Bz(z−1)(z−p0)dz
2 ∈ B is the elliptic curve in (8.1), compactified by
adding the relevant point in the small stratum.
Remark 8.2. The elliptic curve Bx(x− 1)(x− p0) + u2 = 0 is isomorphic to the complex
torus C/(Z⊕ τZ) where p0 is related to τ by p0 = λ(τ); here λ is the elliptic modular
lambda function.
Proof. Because pdeg~α E = 0 and the sum of the parabolic weights is 4, deg E = −4.
Thus using Grothendieck’s theorem for vector bundles over CP1, we have E ' O(m)⊕
O(−4−m) m ≥ −2. Note that for any choice of m,
End E '
(
O O(4+ 2m)
O(−4− 2m) O
)
.
InM′, the flags are determined from the Higgs field. Indeed, since ϕ has at most simple
poles at 0, 1, p0, we can write
ϕ =
dz
z(z− 1)(z− p0)
(
a(z) b(z)
c(z) −a(z)
)
where a(z), b(z), c(z) ∈ C[z],
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Passing to the coordinate w = z−1,
ϕ = − dw
w(1− w)(1− wp0) · w
2
(
w0a(w−1) w4+2mb(w−1)
w−4−2mc(w−1) −w0a(w−1)
)
,
and since ϕ has at most a simple pole at ∞ (w = 0), we have
deg a ≤ 2, deg b ≤ 6+ 2m, deg c ≤ −2− 2m.
Additionally, det ϕ = Bz(z−1)(z−p0)dz
2 for some B ∈ C×, i.e.,
a(z)2 + b(z)c(z) = −Bz(z− 1)(z− p0). (8.2)
We can rule out the cases m ≥ 0 as follows since in these cases, deg c < 0 so c = 0.
Thus the left side of (8.2) has even degree while the right side is nonvanishing and has
odd degree; this is a contradiction. The only two possible bundle types which remain are
when m = −2 and E ' O(−2)⊕O(−2) or m = −1 and E ' O(−1)⊕O(−3) .
Suppose that E = O(−2)⊕O(−2). In this case deg a, deg b, deg c ≤ 2, so
ϕ =
dz
z(z− 1)(z− p0)
(
a2z2 + a1z + a0 b2z2 + b1z + b0z
c2z2 + c1z + c0 −a2z2 − a1z− a0
)
.
The complex gauge group is the group of constant SL(2,C) gauge transformations. We
use this gauge group to write down an explicit representative in each equivalence class.
From the condition in (8.2), a22 + b2c2 = 0, so the highest degree part is nilpotent. Using
the complex gauge group, we can arrange that ker
(
a2 b2
c2 −a2
)
⊃
(
1
0
)
. Thus each gauge
orbit contains a representative of the form
ϕ =
dz
z(z− 1)(z− p0)
(
a1z + a0 b2z2 + b1z + b0z
c1z + c0 −a1z− a0
)
.
Note that from (8.2), b2 6= 0 and c1 6= 0. By the diagonal gauge transformation
g =
(
c−1/21 0
0 c1/21
)
,
we can make c(z) monic. Thus, each gauge orbit contains a representative
ϕ =
dz
z(z− 1)(z− p0)
(
a1z + a0 b2z2 + b1z + b0z
z + c0 −a1z− a0
)
.
Now use
g =
(
1 −a1
0 1
)
,
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to make a(z) constant:
ϕ =
dz
z(z− 1)(z− p0)
(
a0 b2z2 + b1z + b0z
z + c0 −a0
)
.
For notational simplicity, write x = −c0 ∈ C and u = a0 ∈ C. Imposing (8.2), we find in
each equivalence class a representative
ϕ =
dz
z(z− 1)(z− p0)
(
u −Bz(z−1)(z−p0)+u2z−x
z− x −u
)
,
where B, x and u satisfy (8.1). (Note that when this elliptic equation holds, the upper right
entry is a polynomial.) There is no further gauge freedom.
If E ' O(−1)⊕O(−3), then
End E '
(
O O(2)
O(−2) O
)
and the entries of the Higgs field
ϕ =
dz
z(z− 1)(z− p0)
(
a(z) b(z)
c(z) −a(z)
)
.
are polynomials with deg a ≤ 2, deg b ≤ 4 and deg c = 0, satisfying (8.2). From this equa-
tion, c 6≡ 0, otherwise the left side of (8.2) has even degree while the right is nonvanishing
of odd degree. Now make the gauge transformation
g =
(
−i c1/2B1/2 i
a(z)
c1/2B1/2
0 i B
1/2
c1/2
)
.
to make ϕ off-diagonal with c(z) = −B. Thus each gauge orbit contains a representative
of the form
ϕ =
dz
z(z− 1)(z− p0)
(
0 z(z− 1)(z− p0)
−B 0
)
=
(
0 1
− Bz(z−1)(z−p0) 0
)
dz.

8.1.3. C×-action. The moduli space M admits C×-action (E , ϕ) 7→ (E , ζϕ). This action
preserves the decompositionM′ =M′big unionsqM′small. A coordinate for the Higgs bundles
inM′small is B ∈ C×, and in terms of this, the C× action is B 7→ ζ2B. We have
ζ ϕB = gζ ϕζ2B g
−1
ζ , gζ =
(
ζ−1/2
ζ1/2
)
.
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The Higgs bundles inM′big are labeled by (B, u, x) ∈ C× × C× C, and in these coordi-
nates, the C× action is (B, u, x) 7→ (ζ2B, ζu, x). Now,
ζ ϕ(B,u,x) = gζ ϕ(ζ2B,ζu,x) g
−1
ζ , gζ =
(
ζ−1/2 0
0 ζ1/2
)
.
8.2. Semiflat metric. We now determine the semiflat metric: Proposition 8.3 shows that
in rescaled polar coordinates on the Hitchin base CB the special Ka¨hler metric is the flat
conic metric of cone angle pi
dr2 + r2dθ2
r
.
Proposition 8.4 shows that the flat torus fibers in the semiflat metric all equal T2τ , normal-
ized so that the area of T2τ is 2pi2.
8.2.1. Special Ka¨hler metric.
Proposition 8.3. The special Ka¨hler metric on B′ is
gsK =
dr2 + r2dθ2
r
, csK =
∫
CP1
i
2
dz ∧ dz
|z(z− 1)(z− p0)| ,
in rescaled polar coordinates on CB given by reiθ = csKB. This has a conic singularity of cone
angle pi at B = 0.
Proof. Fix q = Bz(z−1)(z−p0)dz
2, and consider the variation q˙ = B˙z(z−1)(z−p0)dz
2 ∈ TqB′. The
special Ka¨hler metric is
‖q˙‖2sK =
1
2
∫
ΣB
|q˙|
|q|2 = csK
|B˙|2
|B| , where csK =
∫
CP1
i
2
dz ∧ dz
|z(z− 1)(z− p0)| . (8.3)
This yields the stated metric. 
8.2.2. Area of fibers. In complex analytic terms, the nonsingular fibers are all T2τ , and since
the semiflat metric is flat on these fibers, it induces a constant multiple of the Euclidean
metric on T2τ = C/(Z⊕ τZ). A priori, we do not know this constant, or equivalently the
area of each fiber.
Proposition 8.4. For B 6= 0, the area of Hit−1(B) ' T2τ in the semiflat metric equals 2pi2, so
T2τ = Cw/cfib(Z⊕ τZ) with Euclidean metric gEuc = dwdw = dx2 + dy2 and
cfib =
√
2
Im τ
pi. (8.4)
Proof. Recall from §3.1 that the fibers of Hit are canonically torsors over Prym(Σb, C).
The identification of Hit−1(B) with Prym(ΣB,CP1) arises by tensoring by a holomor-
phic line bundle with fixed Hermitian metric, so the deformation spaces of Hit−1(B) and
Prym(ΣB,CP1) can be identified.
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Since Jac(CP1) is a point, Prym(ΣB,CP1) = Jac(ΣB). To describe the holomorphic line
bundles in Jac(ΣB) explicitly, let L→ T2τ = Cz/(Z⊕ τZ) be the trivial complex line bun-
dle. The space of all holomorphic line bundles on T2τ is given byLψ =
(
L, ∂L,ψ = ∂+ ψdz
)
where
ψ ∈ C/ pi
Im τ
(Z⊕ τZ)
is constant. (To see that Lψ is trivial if and only if ψ ∈ piIm τ (Z⊕ τZ), consider the space of
global holomorphic sections of Lψ. If ∂L,ψ f = 0, then f (z, z) = h(z)e2iψIm zfor h(z) some
holomorphic function h(z). Because f (z, z) is Z⊕ τZ-periodic, it follows that h(z + 1) =
h(z) and h(z + τ) = h(z)e−2iψIm τ. One possible solution is h(z) = λe2piimz for m ∈ Z
provided there is some n ∈ Z such that pi(mτ + n) = −ψIm τ. Thus there is a basis
{h(z) = λe2piimz}λ∈C of global holomorphic sections of Lψ trivializing Lψ if and only if ψ
lies in the claimed lattice.)
The tangent space to Jac(ΣB) at (λ, ∂L) is
T(λ,∂L)Hit
−1(B) = {(λ˙ = 0, ξ˙ = ψ˙dz)} ' Cψ˙.
For each deformation of the Higgs bundle spectral data, the associated deformation of the
Hermitian-Einstein metric is trivial. The semiflat metric is characterized in Proposition
7.6 by the property that on vertical deformations the semiflat metric is
∫
ΣB
2
∥∥∥ξ − ∂Lν˙L∥∥∥2 .
Hence
‖(0, ψ˙dz)‖2gsf =
∫
T2τ
2 ‖ψ˙dz‖2 = 2 Im τ ‖ψ˙‖2 .
It follows that the metric on the torus Cψ/
(
pi
Im τZ⊕ piIm ττZ
)
equals g = 2 Im τ|dψ|2 and
this has area
Volsf(T2τ ) = (Im τ)
( pi
Im τ
)2
(2 Im τ) = 2pi2.

FIGURE 8.2. (LEFT) The four-punctured sphere with flat metric with cone
points of angle pi at each marked point, from identifying the edges of a tri-
angle. (RIGHT) The induced flat metric on Σ, the double cover, from iden-
tifying opposite sides of the parallelogram. The map pi : Σ → CP1 is given
by quotienting by the Z/2-action generated by rotating 180◦ around ∞.
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8.3. Gaiotto-Moore-Neitzke’s conjecture on the four-punctured sphere. Fix a holomor-
phic quadratic differential q = Bz(z−1)(z−p0)dz
2 ∈ B′, and consider the ray of holomorphic
quadratic differentials t2q. The optimal coefficient of exponential decay is −2MBt where
MB is the shortest geodesic on ΣB, as measured in the flat metric pi∗|q|. We can easily
compute the length of this geodesic because with respect to this metric, the spectral cover
is the flat torus T2τ = C/(Z⊕ τZ) of area 2|B|csK, with csK as in (8.3). Hence the correct
scaling for this flat metric is
2|B|csK
Imτ
(dx2 + dy2).
Since τ lies in the usual fundamental domain {|τ| ≥ 1, −12 < Re τ < 12} for PSL(2,Z),
the length of the shortest geodesic in T2τ with unscaled metric (dx2 + dy2) is 1, and the
area of T2τ is Im τ. Thus with respect to the correctly scaled metric above, the shortest
geodesic has length
MB =
√
2|B|csK
Imτ
The full Gaiotto-Moore-Neitzke conjecture also specifies coefficients of the exponen-
tially decaying terms given by BPS indices. The following BPS counts for the four-punctured
sphere were communicated to the authors by Andy Neitzke. Since Jac(CP1) is a point and
Dw = ∅, ΓB = H1(ΣB,Z). Given a saddle connection ℘saddle connecting the punctures
D ⊂ CP1, the corresponding lift γsaddle is a primitive class in ΓB = H1(ΣB,Z) and con-
tributes Ω(γsaddle) = 8 to the BPS count. Consider a path ℘pair which separates the 4
marked points into 2 + 2, and let γpair be the corresponding lift. (Note that there are in-
finitely many distinct possible homotopy classes for ℘pair.) The BPS invariants receive
contributions from an annulus of closed loops homotopic to (as shown in FIGURE 8.3):
these give Ω(γpair) = −2. Note that in H1(ΣB,Z), there is a correspondence between
FIGURE 8.3. (LEFT) Paths on CP1 and (RIGHT) corresponding paths on
spectral torus.
γsaddle and γpair such that 2[γsaddle] = [γpair], as illustrated in FIGURE 8.3. Altogether, for
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γ ∈ Γ = H1(ΣB,Z) primitive, we have
Ω (nγ) =

8 for n = 1
−2 for n = 2
0 for n > 2.
Incorporating these BPS indices, we recall the version (7.20) of the conjecture restricted
to the Hitchin section, and supposing that the flat spectral torus has a unique shortest
geodesic, i.e., Im τ 6= 1. (This includes both the square torus corresponding to p0 =
1
2 , τ = i and the double cover of the equilateral triangle corresponding to p0 = τ = e
ipi
3 .)
Conjecture 8.5 (Weak version of conjecture on Hitchin section). If Im τ = Im λ(p0) 6= 1,
then on the Hitchin section, and in polar coordinates reiθ = csKB ∈ C
gL2 − gsf = −
2
pi
· 8 · K0(2
√
2r/Im τ)
dr2 + r2dθ2
2r Im τ
+O(e−η
√
r),
where η > 2
√
2/Im τ. Since d|Z|2 = dr2+r2dθ22rIm τ , this accords with (7.20).
This formulation (which does not feature the parameter t) is of course sharper than
one which only gives decay rates along radial paths t2q ∈ B′. We prove this weaker
form of the conjecture almost entirely, though unfortunately our methods do not yield
the coefficient of this leading exponential term.
8.4. Proof of optimal rate of exponential decay. Theorem 7.2 asserts that the difference
between the Hitchin and semiflat metrics decays exponentially along rays in the base, but
the decay rate in Theorem 7.2 is far from optimal. We now establish the sharp predicted
decay rate on the four-punctured sphere in the strongly parabolic case. The key is that in
this special case, dimRM = 4 and the natural C×-action on Higgs bundles restricts to a
circle action preserving the Hitchin metric and one of the complex structures, but rotating
the other two. This symmetry makes it possible to write the Hitchin metric in terms of a
single scalar function u : T2×R+ → R, at least away from the fiber over the discriminant
locus. This reduction appears in LeBrun’s paper [LeB91]. The function u satisfies the first
of the equations in (8.5) below. We now explain how to use this equation to deduce the
optimal decay rate starting from any a priori exponential decay.
As noted above, the Gaiotto-Moore-Neitzke conjecture predicts the coefficient of the
leading exponential term as a BPS index. We hope to return to a determination of this
coefficient using global analytic techniques elsewhere.
Background: Reduction to a PDE. Given a principal U(1) bundle M over an open set U ⊂
R3 and a positive harmonic function w : U → R+, the Gibbons-Hawking ansatz produces
a hyperka¨hler metric g on M as follows: define a connection ω on M with curvature
ASYMPTOTIC GEOMETRY OF THE MODULI SPACE OF PARABOLIC SL(2,C)-HIGGS BUNDLES 63
FIGURE 8.4. Schematic of gsf (shown in gray) versus gL2 (shown in black).
F = ?R3dw and then set
g = wgR3 + w
−1ω2.
LeBrun’s formula generalizes this by describing all Ricci-flat Ka¨hler metrics in two com-
plex dimensions with a holomorphic circle action in terms of solutions of an elliptic equa-
tion.
Proposition 8.6. [LeB91, Proposition 1] Let w > 0 and u be smooth real-valued functions on
an open set U ⊂ R3 which satisfy
uxx + uyy + (eu)zz = 0 (8.5)
wxx + wyy + (weu)zz = 0.
Suppose also that the deRham class of the closed 2-form
1
2pi
F =
1
2pi
(
wxdy ∧ dz + wydz ∧ dx + (weu)zdx ∧ dy
)
is integral, i.e., lies in the image of H2(U,Z)→ H2(U,R). Fix an S1 bundle M → U such that
[c1(M)]R = [ 12piF], and let ω be a connection 1-form on M with curvature F. Then
g = euw(dx2 + dy2) + wdz2 + w−1ω2
is a scalar-flat Ka¨hler metric on M; conversely, every scalar-flat Ka¨hler surface with S1-symmetry
arises this way.
The metric g is Ricci-flat if, and only, if uz = cw for some constant c.
This reduces to the usual Gibbons-Hawking formula when u and hence c both vanish.
Since SU(2) = Sp(1), hyperka¨hler 4-manifolds are Calabi-Yau and vice versa. Hence,
this result describes all hyperka¨hler metrics with a holomorphic circle action
Corollary 8.7. Write uz = cw. If c 6= 0, then the pair (u, w) solves (8.5) if and only if u solves
uxx + uyy + (eu)z = 0.
Proof. When c 6= 0, the equation for w is obtained by applying c−1∂z to the equation for u.
Clearly c−1(uxx)z = wxx, c−1(uyy)z = wyy and c−1(eu)zzz = (weu)zz. 
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The PDE for the four-punctured sphere. In the strongly parabolic setting, both the semiflat
metric gsf and the Hitchin metric gL2 are hyperka¨hler with circle action lifted from the
Hitchin base which fixes one of the complex structures, and hence, using this formalism,
we may write these metrics in terms of functions usf, wsf and u, w. One subtlety is that
the coordinate z in LeBrun’s formalism is the Hamiltonian vector field associated to the
generator ∂θ for the S1 action with respect to the given metric, i.e. dz = −∂θyΩ. Since
we are dealing with two different metrics, there are two radial coordinates, which we
denote by r and rˆ; these are associated to gsf and gL2 , respectively. In fact, we have two
distinct coordinate systems, (r, θ, x, y) and (rˆ, θˆ, xˆ, yˆ), with rˆ(r, x, y) determined as above
(independent of θ because of the S1 symmetry) and θˆ = θ, xˆ = x, yˆ = y.
The coordinates and functions associated to gsf are particularly simple. Indeed, by
Propositions 8.3 and 8.4, we can write T2τ = Cw/(cfib(Z⊕ τZ)), and r = csK|B| ∈ R+. (In
other words, the radial coordinate r is simply the obvious one on the Hitchin base.) We
can also choose ωsf = dθ, θ = Arg(B). We then have
usf(x, y, r) = log r, wsf(x, y, r) = r−1.
The estimate gL2 − gsf = O(e−ε
√
r) and the definitions of r and rˆ above show that,
possibly normalizing rˆ by an additive constant,
rˆ− r = O(e−ε
√
r). (8.6)
We now obtain asymptotic estimates for the functions u and w corresponding to the
Hitchin metric gL2 in terms of the function rˆ.
Proposition 8.8. If u : T2x,y ×R+rˆ satisfies
∆T2u + ∂
2
rˆ e
u = 0.
and v = u− log rˆ satisfies |v| ≤ Ce−ε
√
rˆ as rˆ → ∞, then
v(x, y, rˆ) = rˆ−1/2K1(2λT
√
rˆ)(A1 cos(2pi(x, y) · µ0) + A2 sin(2pi(x, y) · µ0)) +O(e−η
√
rˆ)
for some η > 2λT as rˆ → ∞; here K1 is the Bessel function of imaginary argument, λ2T is
the smallest positive eigenvalue of −∆T2 and cos(2pi(x, y) · µ0) and sin(2pi(x, y) · µ0) are the
corresponding eigenfunctions. The precise growth rate of this leading term is rˆ−3/4e−2λT
√
rˆ.
Proof. Substitute u = log rˆ + v into the equation to get
∆T(log rˆ + v) + ∂2rˆ e
v+log rˆ = ∆Tv + ev(rˆ∂2rˆ v + rˆ(∂rˆv)
2 + 2∂rˆv) = 0.
We first transform this by multiplying both sides by rˆ and setting rˆ = ρ2. Since rˆ∂rˆ = 12ρ∂ρ,
this becomes, after some simplification,
ev(ρ2∂2ρv + 3ρ∂ρv + (ρ∂ρv)
2) + 16ρ2∆Tv = 0,
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which we write more simply as
Lv := ρ2∂2ρv + 3ρ∂ρv + 16ρ
2∆Tv = Q(v, ρ∂ρv, ρ2∂2ρv), (8.7)
where Q = (1− ev)(ρ2∂2ρv + 3ρ∂ρv + (ρ∂ρv)2).
We first observe that if | f (ρ, x, y)| ≤ C0 in the region ρ ≥ ρ0, then for any N > 0, there
exists a constant CN such that
sup
i+j+k≤N
|(ρ∂ρ)i(ρ∂x)j(ρ∂y)kv| ≤ C0CN. (8.8)
To prove this, note that ρ∂ρ, ρ∂x, ρ∂y are invariant with respect to the dilation (ρ, x, y) 7→
(λρ,λx,λy) for any λ > 0, and hence so is the entire equation (8.7). Thus we may estimate
these scale-invariant derivatives in some region 2−k−1 < ρ < 2−k+1 and |x − x0|+ |y−
y0| < 2−k for some (x0, y0) ∈ T2 by dilating by the factor λ = 2k and then invoking
standard Schauder theory in 1/2 ≤ ρ ≤ 2, where (8.7) is uniformly elliptic. In other
words, the a priori estimate when ρ is small reduces to one in a region where ρ ≈ 1. This
argument reflects the fact that the operator is of ‘uniformly degenerate type’, and this sort
of rescaling argument is standard in that context, see [Maz91].
We next obtain bounds for the solution to the inhomogeneous linear problem Lv = f .
For this, decompose v and f into eigenfunctions on the torus. Write T2 = R2/Λ and
denote by Λ∨ the dual lattice. The exponentials e2piix·µ, µ ∈ Λ∨, give a complete basis
of L2(T2) by eigenfunctions of ∆T with associated eigenvalues 4pi2|µ|2. (Of course, v is
real-valued so we really should be working with the real and imaginary parts of these
eigenfunctions.) This reduces the problem to the family of equations Lµvµ = fµ where vµ
and fµ are the eigencomponents of v and f , and
Lµ = ρ2∂2ρ + 3ρ∂ρ − 16pi2|µ|2ρ2.
This is essentially the Bessel equation. There is a unique (up to constant multiple) solu-
tion which decays exponentially as ρ → ∞, namely ϕµ(ρ) = |µ|1/2ρ−1K1(4pi|µ|ρ). This
satisfies ϕµ(ρ) ∼ Cρ−3/2e−4pi|µ|ρ, where C is independent of µ. When µ = 0, the unique
(up to constant multiple) solution decaying at infinity is ϕ0(ρ) = ρ−2. In terms of these
we can write a particular solution to the inhomogeneous equation as
vµ(ρ) = −ϕµ(ρ)
∫ ρ
a
ϕµ(s)−2s−3
∫ ∞
s
ϕµ(σ) fµ(σ)σ3 dσds,
where we may take a = ∞ if the outer integral converges. The general solution is the sum
of this vµ and a multiple of ϕµ.
Now suppose that f ∈ C∞ and for every N ≥ 0, |∂N f | ≤ CNe−ηρ for some η > 0. Here
(and below) ∂N denotes any monomial of order N in the vector fields ρ∂ρ, ρ∂x, ρ∂y. For
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every N ≥ 0, each eigencomponent of f satisfies
| fµ| ≤ C2N(1+ |µ|2)−Ne−ηρ.
We next make some elementary estimates: first, for µ 6= 0,∫ ∞
s
σ3/2e−4pi|µ|σe−ησσ3 dσ ≤ Cs3/2e−(4pi|µ|+η)s;
next, if η < 4pi|µ|, we must take a to be some finite number and find that∫ ρ
a
s3e8pi|µ|ss−3s3/2e−(4pi|µ|+η)s ds ≤ Cρ3/2e(4pi|µ|−η)s + C,
so finally, taking the product of this with ϕµ, we conclude that
|vµ(ρ)| ≤ sup |vµ|ρ−3/2e−4pi|µ|ρ(Cρ3/2e(4pi|µ|−η)ρ + C) ≤ C sup |vµ| e−ηρ.
If η > 4pi|µ|, then we take a = ∞, and deduce once again that |vµ(ρ)| ≤ C sup |vµ| e−ηρ.
(We may exclude the case that η = 4pi|µ| for any µ.) The final constant C is independent
of µ. We conclude from all of this that for any N > 0 and µ 6= 0,
|vµ(ρ)| ≤ C′C2N(1+ |µ|2)−Ne−ηρ,
along with corresponding estimates for any derivative (ρ∂ρ)ivµ. When µ = 0 we can
obtain the same estimate for |v0(ρ)| by a slightly more elementary calculation, taking
a = ∞ in the outer integral. Reassembling these components, we obtain that if λT =
minµ 6=0 2pi|µ| = 2pi|µ0|, so that 2λT = 4pi|µ0|, then since the actual solution v must be the
sum of these particular solutions and some homogeneous solution, we have proved that
|v(ρ, x, y)| ≤ Ce−ηρ if η < 2λT
and
v(ρ, x, y) = Aϕµ0(ρ)e
2piix·µ0 +O(e−ηρ) if η > 2λT.
Note that
ϕµ0(ρ) = ρ
−3/2
(
∞
∑
j=0
ajρj
)
e−2λTρ,
where the sum is convergent, and the remainder term decays at a higher exponential rate
than the sum of this series. There is a corresponding statement for all derivatives.
Finally let us return to the nonlinear equation (8.7). We start with the C0 estimate |v| ≤
Ce−ερ. The Schauder estimates imply that |∂Nv| ≤ CNe−ερ, and hence |Q(v, ρ∂ρv, ρ2∂2ρv)| ≤
C′e−2ερ. Regarding Q as the inhomogeneous term f and applying the argument above,
we obtain that |v| ≤ Ce−2ερ so long as 2ε < 2λT. Iterating this argument a finite number
of times, and recalling at last that ρ =
√
rˆ, we conclude finally that the decomposition in
the statement of this Proposition holds. 
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Lemma 8.9. The smallest nonzero eigenvalue of −∆T2 on the flat torus T2τ in the semiflat metric
is λ2T =
2
Imτ . Hence, u− log rˆ ∼ T(x, y)rˆ−5/4e−2
√
2
Im τ
√
rˆ +O(eη
√
r) for some η > 2
√
2/Im τ
as rˆ → ∞.
Proof. For a 2-torusT2 = C/(αZ⊕ βZ), the dual lattice is given by Λ∨ = α̂Z⊕ β̂Zwhere
α̂ =
iβ
Im(αβ)
, β̂ = − iα
Im(αβ)
.
(If the lattice has basis B the dual lattice has basis (BT)−1.) In our setting, T2τ = C/(cfibZ⊕
cfibτZ), hence α̂ = − iτcfibIm τ , β̂ =
i
cfibIm τ
. The smallest value of |µ| for µ ∈ Λ∨ is 1cfibIm τ ,
hence the smallest eigenvalue of −∆T2 is λ2T = ( 2picfibIm τ )2. Using the value cfib =
√
2
Imτpi
computed in (8.4), λT =
√
2
Im τ . 
The constant of exponential decay of u− log rˆ (and hence of w− rˆ−1) matches exactly
the predicted one in Conjecture 8.5 for gL2 − gsf. However, this is not the end of the
story, since rˆ is not the correct radial coordinate and we have not yet taken care of the
dependence of gL2 on the connection form ω.
To conclude the estimate, we must therefore pass from rˆ to r in such a way as to preserve
this sharp estimate and obtain some control on the difference between ω and dθ.
Proposition 8.10. There is a constant A such that, restricted to the tangent bundle of the Hitchin
section,
gL2 − gsf = A K0(2
√
2r/Im τ)
dr2 + r2dθ2
r
+O(e−η
√
r),
for some η > 2
√
2/Im τ. In fact, there is a slightly more complicated expression for the difference
gL2 − gsf even away from the Hitchin section, which is the sum of terms involving the Bessel
functions K0(2λT
√
r) and K1(2λT
√
r), which each decay like r−1/4e−2λT
√
r, and a remainder
which decays at a faster exponential rate. This expression will be recorded at the end of the proof.
Proof. First note that, as rˆ → ∞,
v = rˆ−1/2K1(2λT
√
rˆ)T(x, y) +O(e−η
√
rˆ)
for some η > 2λT, where T(x, y) denotes the appropriate trigonometric factor. Therefore
vrˆ =
(
λT rˆ−1K′1(2λT
√
rˆ)− 1
2
rˆ−3/2K1(2λT
√
rˆ)
)
T(x, y) +O(e−η
√
rˆ)
Using the identity zK′1(z)− K1(z) = −zK2(z), this is the same as
vrˆ = −λT rˆ−1K2(2λT
√
rˆ)T(x, y) +O(e−η
√
rˆ) (8.9)
The principal difficulty is to find some sharp comparison of the functions r and rˆ. To
accomplish this, we use the fact that these two metrics are Ka¨hler for the same complex
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structure. This complex structure, which we denote by I , satisfies (and is determined by):
I(dr) = rdθ, I(drˆ) = w−1ω, and I(dx) = dy, I(dy) = −dx.
Let us write
drˆ = a1dr + a2dx + a3dy,
dr = b1drˆ + b2dx + b3dy, and
ω = dθ + c1drˆ + c2dx + c3dy.
Note that dθ does not appear in the first two expressions and none of the ai, bi or ci depend
on θ because of the S1 symmetry. Then
Idrˆ = w−1ω = w−1(dθ + c1drˆ + c2dx + c3dy)
= a1rdθ + a2dy− a3dx,
from which we conclude that a1 = 1rw as well as c1 = 0, c2 = −wa3, c3 = wa2. Altogether,
drˆ = (rw)−1dr + a2dx + a3dy,
dr = (rw)drˆ− rwa2dx− rwa3dy, and
ω = dθ − wa3dx + wa2dy.
The Hitchin section is {(x, y) = (0, 0)}, so dx = dy = 0 on its tangent bundle. This fol-
lows, since the image of the Hitchin section is horizontal with respect to the Gauss-Manin
connection ∇GM on the Hitchin fibration and ∇GMdx = ∇GMdy = 0 , cf. [MSWW19,
§3.2]. Therefore, restricted to the Hitchin section,
gL2 = wdrˆ
2 + w−1ω2 = w((rw)−1dr)2 + w−1dθ2 = 1
rw
(
dr2
r
+ rdθ2
)
.
Hence,
gL2 − gsf =
(
1
rw
− 1
)(
dr2
r
+ rdθ2
)
.
We now conclude with a remarkable identity. On the Hitchin section,
drˆ =
dr
rw
=⇒ wdrˆ =
(
1
rˆ
+ vrˆ
)
drˆ =
dr
r
,
and hence by integration and choosing the constant of integration appropriately, log rˆ +
v = log r, or equivalently, r = rˆev = rˆ(1+ v+O(v2)). Inserting the asymptotic expression
for v we find that
r = rˆ(1+ rˆ−1/2K1(2λT
√
rˆ)T + . . .) = rˆ + rˆ1/2K1(2λT
√
rˆ)T +O(e−η
√
rˆ)
and so
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rw =
(
rˆ + rˆ1/2K1(2λT
√
rˆ)T + . . .
)(1
rˆ
− λT
rˆ
K2(2λT
√
rˆ)T + . . .
)
= 1+ 2λT
(
1
2λT
√
rˆ
K1(2λT
√
rˆ)− 1
2
K2(2λT
√
rˆ)
)
T + . . .
We now avail ourselves of the classical formula K0(z)−K2(z) = −(2/z)K1(z) and replace
rˆ by r on the right hand side to see that
rw = 1− λTK0(2λT
√
r)T +O(e−η
√
r),
and so, at long last,
1
rw
− 1 = λTK0(2λT
√
r)T +O(e−η
√
r)
for some η > 2λT. Substituting λT =
√
2/Im τ, this is precisely the claim.
Let us proceed to find (or at least estimate) the metric on the entire end of the moduli
space. For this we need to know a bit more about the coefficients a2 and a3, which we can
learn from the curvature equation dω = F. This yields the three equalities
wx = −∂rˆ(wa2), wy = −∂rˆ(wa3), ∂x(wa2) + ∂y(wa3) = ∂rˆ(weu).
Now
wx = −λT rˆ−1K2(2λT
√
rˆ)Tx + . . . , wy = −λT rˆ−1K2(2λT
√
rˆ)Ty + . . . ,
so integrating in from infinity, we obtain that wa2 and wa3 are of the form λT
∫
rˆ−1K2(2λT
√
rˆ)drˆ =
−K1(2λT
√
rˆ)rˆ−1/2 multiplied by Tx or Ty, respectively, plus a faster exponential error. The
third curvature equation does not give additional information.
We can now integrate the equation for drˆ along the r-radial rays to obtain that
r = rˆ + rˆ1/2K1(2λT
√
rˆ)T +O(e−η
√
rˆ) (8.10)
even away from the Hitchin section. With this, we can finally show that gL2 − gsf has the
predicted rate of exponential decay of gL2 − gsf where
gL2 = e
uw(dx2 + dy2) + wdrˆ2 + w−1ω2
gsf = (dx2 + dy2) + r−1dr2 + rdθ2.
Here, w = urˆ and
v = u− log rˆ = rˆ−1/2K1(2λT
√
rˆ)T +O(e−η
√
rˆ)
From this alone, we see
euurˆ = ev(1+ rˆvrˆ) =
(
1+ rˆ1/2K1(2λT
√
rˆ)T
) (
1− λTK2(2λT
√
rˆ)T
)
+O(eη
√
rˆ) (8.11)
= 1− λTK0(2λT
√
rˆ)T +O(eη
√
rˆ)
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= 1− λTK0(2λT
√
r)T +O(eη
√
r).
In the last line we used the relation between r and rˆ in (8.10). Similarly, we see that
(wdrˆ2 + w−1ω2) = w
(
1
rw
dr + a2dx + a3dy
)2
+ w−1 (dθ − wa3dx + wa2dy)2
=
1
rˆ
(
1− λTK2(2
√
rˆλT)T
)
·
(
rˆ
r
(
1+ λTK2(2
√
rˆλT)
)
Tdr− rˆ1/2K1(2λT
√
rˆ)Txdx− rˆ1/2K1(2λT
√
rˆ)Tydy
)2
+ rˆ
(
1+ λTK2(2λT
√
rˆ)
) (
dθ + rˆ−1/2K1(2λT
√
rˆ)Tydx− rˆ−1/2K1(2λT
√
rˆ)Txdy
)2
+O(e−η
√
rˆ)
To make these estimates in r rather than rˆ, we use the relation between r and rˆ in (8.10).
In particular, note that Ki(2λT
√
rˆ) = Ki(2λT
√
r) +O(e−η
√
r). It follows that
(wdrˆ2 + w−1ω2) =
(
1+ λTK0(2λT
√
r)T
) dr2 + r2dθ2
r
(8.12)
+ 2r−1/2K1(2λT
√
r)
(−dr · (Txdx + Tydy) + rdθ · (Tydx− Txdy))
+O(e−η
√
r).
At long last, looking at (8.11) and (8.12), we see every term appearing in the difference
gL2 − gsf is of order O(e−2λT
√
r). This completes the proof. 
8.5. ALG gravitational instantons. Chen-Chen have given a classification of noncom-
pact complete connected hyperka¨hler manifold X of real dimension 4 with faster than
quadratic curvature decay [CC15]. They prove that any connected complete gravita-
tional instanton with this curvature decay must be asymptotic to one element in a short
list of standard models which are torus bundles over the flat cone Cβ of cone angle
2piβ ∈ (0, 2pi]. The list of possible torus bundles E→ Cβ is quite restricted.
Theorem 8.11. [CC15, Theorem 3.11] [CC16, Theorem 3.2] Suppose β ∈ (0, 1] and τ ∈H =
{τ|Im τ > 0} are parameters in the following table:
D Regular I∗0 I I I I∗ I I I I I I∗ IV IV∗
β 1 12
1
6
5
6
1
4
3
4
1
3
2
3
τ ∈H ∈H e2pii/3 e2pii/3 i i e2pii/3 e2pii/3
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Suppose ` > 0 is some scaling parameter. Let E be the manifold obtained by identifying (u, v) '
(e2piiβu, e2piiβv) in the space
{u ∈ C : Arg(u) ∈ [0, 2piβ] & |u| ≥ R} ×Cv/(Z`+Z`τ).
E together with a certain (see [CC16, Definition 2.3]) flat hyperka¨hler metric gmod is called the
standard ALG model of type (β, τ).
Every ALG gravitational instanton X is asymptotic to one of these standard models (E, gmodel).
Moreover, if β = 1, then X is the standard flat gravitational instanton C× T2τ .
For this four-dimensional family of Hitchin moduli spaces on CP1, the semiflat met-
ric is the model metric for β = 12 and τ = λ
−1(p0). From the bounds on gL2 and all
derivatives in (8.8), it follows that each component of the Riemann curvature tensor is
also exponentially decaying as one approaches the ends, hence the curvature decay hy-
pothesis is satisfied. Consequently, these spaces fit into the Chen-Chen classification of
ALG gravitational instantons.
LetNβ,τ denote the moduli space of ALG gravitational instantons with faster than qua-
dratic curvature decay which are asymptotic to the (β, τ) standard model. Generic hy-
perka¨hler metrics g ∈ Nβ,τ decay at a polynomial rate to the model metric gmodel. How-
ever, the hyperka¨hler metrics from the strongly parabolic Hitchin moduli spaces on the
four-punctured sphere decay exponentially to the model metric. The four-dimensional
family parameterized by parabolic data at 0, 1, p0,∞ lies in a distinguished locus in Nβ,τ
consisting of those metrics with exponential decay. We shall investigate this further in a
future paper.
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